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A3  the  performance  requirements  and  the  life  cycle  costs  for 
jet  engines  and  aircraft  increase  the  need  for  functional 
high  cycle  fatigue  (HCF)  control  is  evident.  The  purpose  of 
this  paper  is  to  present  the  methodology  of  using  finite  ele¬ 
ment  analysis  to  evaluate  viscoelastic  damping  treatments  for 
HCF  control,  steps  for  analyzing  passive  damping  treatments 
are  presented.  Design  criteria  used  to  evaluate  the  damping 
applications,  as  well  as  two  methods  of  calculating  the 
structural  loss  factor  are  discussed.  The  results  from  anal¬ 
yses  of  a  stiffened  panel  and  turbine  blade  are  also  present¬ 
ed. 


INTRODUCTION 

As  the  performance  requirements  and 
the  life  cycle  costs  for  jot  engines 
and  aircraft  fuselage  increase,  the 
need  for  functional  high  cycle  fatigue 
(HCF)  control  is  evident.  A  major  con¬ 
cern  in  jet  engines  is  the  HCF  failure 
of  turbine  blades.  Blade  failures 
causo  froquont  maintenance  overhauls 
resulting  in  high  life  cyclo  costs. 
Another  concern  is  the  reliability  of 
these  components  under  war  time  condi¬ 
tions,  whore  tho  operation  time  would 
bo  greatly  increased  and  the  operation¬ 
al  environment  would  be  more  severe. 
Blado  redesign  efforts  have  proven 
somewhat  offoetivot  however,  they  are 
extremely  expensive  and  ofton  result  in 
performance  losaos.  Likewise,  the  de¬ 
sign  of  aircraft  fusolage  structures  is 
often  governed  by  sonic  fatigue.  In 
these  cases,  high  sound  pressure  levels 
cause  the  structure  to  vibrate  at  its 
natural  frequencies,  resulting  in  very 
High  resonant  stresses  which  cause  HCF 
problems.  Current  design  methods  to 
reduce  the  high  stresses  include 
strengthening  the  structures  or  de¬ 
creasing  frame  and  stringer  spacing, 
resulting  in  weight  penalties  effecting 
aircraft  performance. 

A  weight  efficient  method  to  reduce 
HCF  is  to  dissipate  vibratory  energy 
through  the  use  of  viscoelastic  damping 


materials.  Viscoelastic  damping  mate¬ 
rials  in  the  form  of  free  layer  and  con¬ 
strained  layer  damping  treatments  (some¬ 
times  called  passive  damping)  to  in¬ 
crease  the  damping  in  structures  have 
been  used  for  sometime  [1,2,3]  Figure  1 
shows  the  types  of  damping  treatments. 

In  rocont  year,  vibration  damping 
technology  has  been  successfully  applied 
to  numerous  structures  to  control  reso¬ 
nant  vibration  at  both  high  and  low  tem¬ 
peratures  [4,5,6]. 

Most  applications  of  damping  treat¬ 
ments  on  structures  to  date  have  been 
"fixes"  for  existing  vibration  problems. 
A  mere  prudent  approach  is  to  consider 
passive  damping  in  the  initial  design 
stage.  This  roquiros  sophisticated 
structural  analysis  programs  to  verify 
conceptual  designs  reducing  the  number 
of  prototypes  that  need  to  be  construct¬ 
ed.  A  finite  element  program  which  can 
predict  the  response  of  damped  struc¬ 
tures  has  been  developed  which  meets 
this  need  [7,8).  The  purpose  of  this 
paper  is  to  present  the  methodology  of 
using  this  finite  element  analysis 
approach  to  evaluate  viscoelastic  damp¬ 
ing  treatments  for  high  cycle  fatigue 
control.  The  results  of  analyses  on  a 
skin  stringer  panel  and  a  high  tempera¬ 
ture  turbine  blade  will  aluo  be  present¬ 
ed  . 
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Fig,  1  -  Typos  of  Viscoelastic  Damping 
Treatments. 


response  involves  several  steps  (also 
see  Figure  2)  ; 

(1)  The  first  step  is  to  determine 
the  natural  frequencies  and  mode  shapes 
of  the  undamped  structure.  Once  the 
natural  frequencies  are  established,  the 
mode  or  modes  of  interest  in  the  fre¬ 
quency  band  of  excitation  can  be  chosen. 
Since  the  loss  factor  and  modulus  of  the 
damping  material  are  frequency  and  tem¬ 
perature  dependent,  the  natural  fre¬ 
quency  is  needed  to  select  the  proper¬ 
ties  of  the  damping  material.  It  is  al¬ 
so  important  at  this  time  to  establish 
the  temperature  range  over  which  damage 
or  high  cycle  fatigue  is  likely  to  oc¬ 
cur.  Note  that  this  temperature  range 
most  probably  will  be  narrower  than  the 
broad  temperature  range  that  the  com¬ 
ponent  will  see. 

An  alternative  to  determining  the 
properties  of  the  damping  material  based 
on  temperature  and  frequency  at  this 
point,  is  to  chooso  a  typical  value  of 
modulus  and  loss  factor  of  a  material 
where  it  has  peak  damping.  It  then  be¬ 
comes  nocossary  to  find  a  material  that 
has  these  properties  at  the  required 
temperature  and  frequency. 


APPROACH  TO  DAMPING  DESIGN  BY  FINITE 
ELEMENT  METHOD 

When  considering  passive  damping  in 
the  initial  design  process,  the  analysis 
can  be  used  to  evaluate  the  design  con¬ 
cepts  by  one  of  several  criteria.  In 
the  case  of  a  fatigue  problem,  the  cri¬ 
teria  may  be  a  maximum  stress  level  dur¬ 
ing  resonance.  However,  in  the  design 
of  »"  structure  requiring  small  vibration 
levels,  another  criteria  may  be  a  re¬ 
quired  maximum  displacement  at  reso¬ 
nance.  Both  criteria  are  based  on  the 
fact  that  damping  limits  the  response 
during  resonance,  both  criteria  fellow 
the  same  basic  steps  in  tltb  analysis. 

In  the  past,  constrained  layer 
damping  treatments  applied  to  a  struc¬ 
ture  usually  consisted  of  a  thin  lays 
of  self-adhesive  clamping  material  cover¬ 
ed  by  a  thin  layer  of  metal  foil  {the 
constraining  layer),  in  the  initial  de¬ 
sign  stage,  it  is  possible  and  advanta¬ 
geous  to  design  the  structure  as  a  com¬ 
posite  (sandwich)  consisting  of  equal 
thicknesses  of  metal  serving  as  the 
base  layer  and  constraining  layer,  bond¬ 
ed  together  with  damping  material. 

This  would  be  the  same  as  the  damped 
sheet  steel  which  is  commercially  avail¬ 
able. 

Our  approach  to  evaluating  the  ef¬ 
fect  of  a  damping  treatment  on  the 


(2)  The  second  step  in  the  analy¬ 
sis  procedure  is  to  do  a  forced  harmonic 
response  of  the  undampod  structure. 

This  Is  dona  by  applying  a  vibrating  or 
harmonic  load  to  the  structure.  The 
load  can  be  applied  at  the  natural  fre¬ 
quency  of  interest  from  which  displace¬ 
ment  and/or  stress  is  calculated.  Al¬ 
ternatively,  the  load  can  be  applied  at 
discrete  frequencies  in  a  small  band¬ 
width  about  the  natural  frequency,  to 
yield  an  amplitude  versus  frequency  re¬ 
sponse  plot  (rceeptanee  plot).  From 
this  response  plot  the  structural  damp¬ 
ing  can  bo  determined  by  the  half-power 
bandwidth  method.  A  small  amount  of 
damping  is  included  in  the  base  struc¬ 
ture  to  simulate  the  actual  inherent 
structural  damping  and  to  keep  the  re¬ 
sponse  at  the  natural  frequency  from  be¬ 
coming  infinite.  It  should  be  noted 
that  the  damping  determined  from  the  re¬ 
sponse  plot  will  be  the  same  as  the  in¬ 
herent  damping  specified,  and  the  step 
may  be  deleted.  The  reason  the  damping 
will  be  the  same  an  the  inherent  damp¬ 
ing,  can  be  seen  by  referring  to  the 
equation  for  system  ices  factor  by  the 
Strain  Energy  Method  in  Figure  3.  For 
the  undamped  case  with  a  small  amount  of 
inherent  damping,  a,®  a*  «  ...  (where 
*s,  is  the  loss  factor  for  the  ith  ele¬ 
ment),  and  will  therefore  be  the  loss 
factor  specified  for  the  material.  Thus, 
the  response  and  stress  level  are  deter¬ 
mined  during  resonance  for  site  undamped 


case,  giving  a  reference  by  which  to 
measure  the  effect  of  the  clamping  treat¬ 
ment. 


( 3)  The  third  step  is  to  determine 
the  natural  frequencies  of  the  damped 
structure.  The  natural  frequencies  of 
the  damped  structure  are  going  to  differ 
from  the  undamped  structure  because  the 
damping  material  and  constraining  layer 
change  the  section  properties  of  the 
structure,  thereby  changing  its  natural 
frequencies.  This  is  especially  true  if 
the  damped  structure  is  a  sandwich  com¬ 
posite  where  damping  material  is  sand¬ 
wiched  between  two  metal  layers  that  are 
each  one-half  the  thickness  of  the  un¬ 
damped  structure.  It  should  bo  noted 
that  the  loss  factor  or  damping  ratio  of 
the  damping  material  does  not  enter  into 
the  natural  frequency  calculation.  That 
is,  the  natural  frequency  determined  is 
not  the  damped  natural  frequoney.  The 
natural  frequency  is  based  solely  on  the 
geometry  of  the  layers  and  the  stiffness 
or  modulus  of  the  materials. 

(4)  The  fourth  step  is  to  do  a 
forced  harmonic  response  of  the  damped 
structure.  The  same  harmonic  loading  as 
in  step  (2)  is  again  applied  to  the 
structure.  The  loss  factor  of  the  mate¬ 
rial  does  enter  into  the  calculations  in 
this  step.  The  increased  damping  in 
the  structure  shifts  the  damped  resonant 
frequency  slightly  higher  than  the  un¬ 
damped  resonant  frequency.  Usually  the 
shift  is  small,  on  the  order  of  one  per¬ 
cent  or  less.  The  exact  resonant  fre¬ 
quency  for  the  damped  structure  is  de¬ 
termined  by  performing  the  forced  Har¬ 
monic  response  analysis  at  discrete  fre¬ 
quencies  in  the  neighborhood  of  the  ex¬ 
pected  natural  frequency,  and  noting 
that  frequency  which  yields  the  maximum 
displacement  for  a  specific  point  on  the 
structure.  Once  the  damped  natural  fre¬ 
quency  is  determined,  a  forced  response 
analysis  at  the  damped  natural  frequency 
is  performed  to  determine  the  stresses 
at  the  damped  resonance. 

With  this  information,  the  designer 
can  now  compare  the  damped  structure  to 
the  undamped  structure  on  the  basis  of 
stress  or  displacement,  depending  on 
which  criteria  was  selected.  If  the 
damped  structure  meets  the  design  cri¬ 
teria,  it  may  be  wise  at  this  point  to 
determine  the  loss  factor  or  stress  in 
the  structure  during  resonance  at  dif¬ 
ferent  temperatures  to  see  how  the  damp¬ 
ing  varies  versus  temperature.  The  pro¬ 
perties  of  the  damping  material  are  de¬ 
termined  at  t5ie  new  temperature  and  an 
estimation  of  the  new  frequency,  and 
steps  (3)  and  (4)  above  are  repeated. 

The  frequency  as  the  damped  structure 
at  the  new  temperature  will  be  differ¬ 


ent,  because  the  modulus  of  the  damping 
material  will  be  different  at  the  new 
temperature.  Although  the  damping  mate¬ 
rial  is  temperature  and  frequency  depen¬ 
dent,  it  is  not  as  dependent  on  fre¬ 
quency  as  it  is  on  temperature.  There¬ 
fore,  a  close  approximation  of  the  natu¬ 
ral  frequency  at  the  new  temperature 
should  be  adequate. 
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The  fifth  and  last  step  in  the 
analysis  is  optional.  If  the  system 
loss  factor  for  the  damped  structure  is 
desired,  it  can  be  calculated  in  two 
ways.  The  first  method  is  to  do  a 
forced  vibration  analysis  at  discrete 
frequencies  about  the  natural  frequency 
and  the  plot  the  response  amplitude  ver¬ 
sus  frequency.  Note  that  part  of  this 
was  already  done  in  order  to  determine 
the  damped  natural  frequency.  The  loss 
factor  is  then  determined  by  the  half¬ 
power  bandwidth  method,  as  shown  in 
Figure  3.  The  second  approach  is  to  use 
the  strain  energy  method.  In  the  strain 
energy  method  the  loss  factor  is  deter- 
i  mined  as  the  ratio  of  the  energy  dissi- 
'pated  to  the  total  strain  energy  stored. 
The  energy  dissipated  is  equal  to  the 
sum  over  ali  the  elements  of  the  loss 
factor  of  each  element  times  the  strain 
energy  stored  in  each  element  (see  Fig¬ 
ure  3)  . 

Two  recent  projects  on  which  damp¬ 
ing  treatments  were  analyzed  will  be 
presented  in  the  following  sections  as 
examples  of  using  this  methodology. 

EXAMPLES  OF  DAMPED  STRUCTURE  DESIGN 

Damped  Skin  Stringer  Panel 

The  purpose  of  the  investigation  of 
a  skin  stringer  structure  was  to  lower 
the  stresses  in  the  resonant  condition 
by  the  use  of  viscoelastic  constrained 
layer  damping.  The  method  and  analysis 
are  not  limited  to  aircraft  fuselage 
structures,  but  are  also  representative 
of  a:.y  general  class  of  structures  con¬ 
sisting  of  stiffened  skins  or  panels. 


When  analyzing  a  complex  structure 
such  as  an  aircraft  fuselage,  it  is  im¬ 
practical  to  model  the  whole  fuselage  or 
even  a  sub-section  of  the  fuselage.  The 
number  of  nodes  and  elements  necessary 
for  accurate  dynamic  predictions  would 
be  enormous.  Therefore,  a  representa¬ 
tive  section  of  the  structure  is  model¬ 
ed  (see  Figure  4) .  However,  by  imposing 
the  proper  boundary  conditions,  two  of 
the  edges  can  be  treated  as  lines  of 
symmetry.  The  effect  of  this  is  to  give 
the  model  the  same  flexibility  as  if 
four  sections  were  modeled  (see  Figure 

5)  .  It  does,  however,  restrict  the  nat¬ 
ural  frequencies  that  can  be  extracted 
to  the  odd-odd  modes  such  as  the  1,1 
mode ,  1,3  mode ,  3,3  mode ,  1,5  mode ,  etc . 
Other  symmetry  conditions  would  yield 
even-even  or  even-odd  modes  (see  Figure 

6)  . 


Fig.  4  -  Finite  Element  Model  of  Stiff¬ 
ened  Panel. 
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Fig.  5  -  Boundary  Conditions. 
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Fig.  6  -  Mode  Shapes  for  Various  Symme¬ 
try  Conditions. 


The  model  shown  in  Figure  4  con¬ 
sists  of  285  elements  and  828  nodes,  for 
a  total  of  almost  2,580  degrees  of  free¬ 
dom.  With  the  boundary  conditions  cho¬ 
sen,  a  panel  1, 524-nun  (60-inehesi  long 
by  813-mm  (32- inches)  wide  was  modeled. 
The  distance  between  stiffening  ribs  was 
2 54 -mm  (10-inehes).  The  cross-section 
of  the  structure  is  shown  in  Figure  7, 
from  which  it  is  easy  to  identify  the 
various  layers  in  the  model. 

The  ribs  and  damping  material  layer 
were  modeled  with  solid  elements,  which 
are  shear  deformable.  It  Is  important 
that  the  damping  layer  is  medelud  with 
shear  deformable  elements,  since  a  con¬ 
strained  layer  damping  treatment  dissi¬ 
pates  energy  through  shear  deformation. 


The  constraining  layer  and  panel  were 
modeled  with  thin-shell  elements.  The 
panel,  ribs,  and  constraining  layer  were 
aluminum. 

The  stiffeners  were  51-mm  (2- 
inches)  high,  and  all  sections  of  the 
stiffeners  were  1.5-mrn  (0.060-inch) 
thick.  The  panel  directly  under  the 
stiffener  web  was  2.2-mm  (0.035-inch) 
thick.  From  this  point  under  the  web, 
the  panel  tapered  to  a  thickness  of  1.5- 
mm  (0.060-inch) ,  in  a  distance  of  25-mm 
(1-inch) .  The  taper  was  actually  very 
shallow,  and  not  abrupt  as  it  appears  in 
Figure  7.  This  taper  represented  a  two- 
step  chem-milled  panel. 

In  between  the  stiffener  web  and 
the  panel,  a  very  thin  element,  0.13-nm 
(0.005-inch)  was  incorporated.  This 
element  could  be  used  as  a  faying  sur¬ 
face  damping  treatment.  A  faying  sur¬ 
face  damping  treatment  is  a  damping  lay¬ 
er  applied  where  two  surfaces  fit  to¬ 
gether  and  where  relative  motion  or 
fretting  between  the  surfaces  might  oc¬ 
cur.  For  the  undamped  runs  this  thin 
element  was  given  the  material  proper¬ 
ties  of  aluminum,  and  it  contributed 
little  stiffness  to  the  ribs. 

The  approach  to  evaluate  this  con¬ 
strained  layer  damping  treatment  varied 
slightly  from  the  steps  outlined  earli¬ 
er.  The  "undamped"  structure  actually 
included  the  damping  and  constraining 
layers.  Tho  stresses  for  the  undamped 
forced  vibration  analysis  were  obtained 
by  giving  tho  damping  matorial  a  very 
low  loss  factor,  0.006,  the  same  loss 
factor  as  was  usod  for  tho  aluminum  pan¬ 
da  and  ribs.  For  tho  dampod  forced 
vibration  analysis,  tho  damping  material 
was  given  its  normal  loss  factor  of 
approximately  0.9  at  tho  temperature  and 
frequency  of  interest,  and  new  strossos 
were  obtained. 

The  first  five  Modes  of  tho  panel 
for  the  symmetric-symmetric  boundary 
conditions  are  listed  in  Table  1.  Our 
investigation  centered  about  the  third 
mode,  the  3,3  modo  at  120.1  Hz,  as  shown 
in  Figure  8. 

In  the  undamped  and  damped  forced 
vibration  analysis,  the  foree  was  a  har¬ 
monic  pressure  loading  normal  to  the 
surface  of  the  panel.1  The  pressure 
corresponded  to  an  acoustic  sound  pres¬ 
sure  level  of  163  dD.  A  small  amount  of 
inherent  damping  is  included  in  the  base 
structure  (loss  factor  «  0.006)  to  simu¬ 
late  actual  structural  damping  and  to 
keep  the  response  at  the  natural  fre¬ 
quency  for  the  undamped  case  from 
becoming  infinite.  The  constrained 
layer  damping  treatment  consists  of 
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TABLE  1 

MODES  OF  UNDAMPED  SKIN  STRINGER  PANEL 


Mode 

Frequency  (Hz) 

1,1 

48.8 

1,3 

68.9 

3,3 

120.1 

1,5 

149.7 

3,5 

159.2 

0.35-mm  (0. 014-inch)  of  3M  company's 
ISD  112  damping  material  (properties 
chosen  at  29ae  (85aF)  and  12Q  Hz)  and 
0.2-mm  (0.008-inch)  of  aluminum  con¬ 
straining  layer.  The  complex  modulus 
data  for  the  damping  material  are 
shown  in  the  reduced  temperature 
monograph  in  Figure  9. 

The  results  for  the  undamped  and 
damped  panel  are  given  in  Table  2.  With 
an  inherent  loss  factor  of  0.006,  the 
stress  in  the  undamped  panel  was  263  MPa 
(38,100  psi).  With  the  addition  of 
0.35-mm  (0.014-inch)  damping  layer  and  a 
0.2-mm  (0.008-ineh)  constraining  layer, 
the  loss  factor  increased  to  0.029. 
Stress  was  reduced  by  80  percent  to  48.5 
MPa  (7,030  pai).  The  addition  of  the 
damping  treatment  represents  only  a  10 
percent  increase  in  weight  of  the  struc¬ 
ture. 

Damped  Turblno  blade 

Aa  another  example  of  using  finite 
elements  to  analyze  damping  designs,  the 
results  of  analyses  on  a  turbine  blade 
are  presented.  The  purpose  of  the 


analyses  was  to  determine  the  effect  of 
damping  treatments  on  the  blade  airfoil 
on  the  modal  loss  factor  of  the  blade. 
The  forced  harmonic  response  (magnitude 
and  phase  angle)  of  the  first  bend, Inc, 
mode  of  the  blade  was  studied  for  the 
following  casest  (1)  undamped  blade; 

(2)  blade  with  free  layer  damping  treat¬ 
ment;  (3)  blade  with  constrained  layer 
damping  treatment;  and  (4)  rotating 
blade  with  constrained  layer  damping 
treatment. 

The  model,  shown  in  Figure  10,  con¬ 
sists  of  234  elements.  The  axial  length 
was  divided  into  six  sections,  giving  39 
elements  per  section.  The  cross-section 
of  the  blade  is  also  shown  in  Figure  10. 
The  damping  treatment  consisted  of  a 
0.25-mm  (0.010-inch)  layer  of  Corning 
8463  glass  covered  by  a  0.13-mm  (0.005- 
inch)  layer  of  nickel.  The  glasB  layer 
was  modeled  by  twelve  elements  per  sec¬ 
tion,  the  niokol  by  twelve  elements  per 
section,  and  tho  blade  by  fifteen  ele¬ 
ments  per  section.  The  boundary  condi¬ 
tion  used  in  the  analysis  was  the  baso 
of  the  airfoil  fully  constrained  in  the 
x,  y  and  z  directions.  The  platform  and 
root  of  the  blade  were  not  modeled,  be¬ 
cause  coordinate  data  was  not  availablo 
for  these  portions  of  tho  blade.  Tho 
frequencies  determined  by  tho  finite 
element  model  wore  higbar  than  the  fre¬ 
quencies  of  tho  actual  blade.  This  is 
because  the  root  and  platform  contribute 
flexibility  to  tho  blade.  However,  for 
the  purpose  of  analyzing  damping  treat¬ 
ments  on  tho  airfoil  section  of  tho 
blade,  this  is  not  a  serious  limitation. 


Mode  3,3  of  Stiffened  Panel. 


The  analysis  of  the  turbine  blade 
followed  the  four  steps  outlined  previ¬ 
ously.  That  is,  the  natural  frequency 
search  and  forced  harmonic  response  were 
performed  on  the  undamped  blade  and  then 
repeated  for  the  damped  blade. 

The  purpose  of  the  force  harmonic 
response  analysis  in  this  example  was 
not  to  determine  absolute  stresses  and 
absolute  displacements,  but  was  used  to 
show  the  relative  decrease  in  response 
with  damping  as  compared  to  the  undamped 
response,  given  the  same  loading  condi¬ 
tion.  This  is  best  illustrated  by  an 
amplitude-frequency  plot,  which  can  be 
generated  by  calculating  the  response  at 
discrete  frequencies  in  the  neighborhood 
of  the  resonant  frequency  of  interest. 
From  this'  plot,  one  can  identify  the 
half-power  bandwidths  and  then  compute 
the  structural  loss  factor  for  that  par¬ 
ticular  mode,  as  discussed  earlier.  Thus, 
the  end  results  of  the  forced  harmonic 
response  analysis  is  the  structural  loss 
factor,  which  is  independent  of  the  load 
applied.  The  ]oading  condition  for  the 
forced  harmonic  response  was  a  point 
load  applied  at  the  tip  of  the  blade. 


TEMPERATURE  T  DEG,  C 


REDUCED  FREQUENCY  FR  HE 


f’iq.  9  -  Reduced  Tomporaturo  Nomograph  for  3M  1SD-112. 
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TABLE  2 

RESULTS  FOR  UNDAMPED  AND  DAMPED  PANEL 


Condition 

Frequency 

Mode 

Damping 

Stress 

%  Stress 
Reduction 

%  Weight 
Increase 

1.5-nun  (0.060") 
Panel,  Undamped 

120.1 

3,3 

0.006 

263  MPa 
(38,100 
psi) 

0 

0 

1.5 -mm  (0.060") 
Panel,  0.35-mm 
(0.014")  damping 
layer,  0.2-nun 
(0.008")  con¬ 
straining  layer 

120.3 

3,3 

0.029 

48.5  MPA 
(7,030 
psi) 

80 

10 

CROSS-SECTION  OF  TURBINE  BLADE 

Fig.  10  -  Finite  Element  Model  of  Tur¬ 
bine  Blade. 


A  total  of  eight  configurations  and 
sets  of  conditions  were  analyzed  by  the 
finite  element  method.  The  seven  non¬ 
rotating  cases  and  the  one  rotating  case 
are  shown  in  Table.  3. 

Figure  11  shows  cases  1,  2,  and  3 
on  the  same  plot  for  comparison  purposes. 
Cases  1  and  2  were  the  undamped  blade  at 
room  temperature  and  496°C  (925°F) ,  re¬ 
spectively.  Comparison  of  these  two 
plots  shows  the  downward  shift  in  first 
mode  frequency  due  to  the  higher  temper¬ 
ature;  the  change  in  frequency  was  ap¬ 
proximately  0.8  percent.  Comparison  of 
case  3  with  case  2  illustrates  the  in¬ 
creased  first  mode  frequency  of  the 
damped  blade  which  was  due  primarily  to 
the  stiffness  of  the  nickel  overcoat. 

Of  course  the  most  obvious  feature  is 
the  marked  decreased  in  response  of  the 
damped  blade  compared  to  the  undamped 
blade . 
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Fig.  11  -  Comparison  of  Damped  and  Un¬ 
damped  Response. 
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TABLE  3 

ANALYSES  OF  TURBINE  BLADE 


Case 

Description 

First  Three 
Modes  (Hz) 

Composite 
Loss  Factor 

1 

Bare,  undamped  blade,  all  material  properties 
at  room  temperature 

1,085.1 

1,972.0 

3,010.4 

0.002* 

2 

Bare,  undamped  blade,  all  material  properties 
at  925 °F  ( 406 °C) 

1,002,7 

1,822.6 

2,782.0 

0.002* 

3 

Damped  blade,  full  blade  glass  coating  with 
nickel  overcoat,  material  properties  at 

925°F  ( 4 9 6 °C) 

1,050.7 

2,847.4 

4,032.9 

0.011 

4 

Damped  blade,  full  glass  coating,  all  material 
properties  at  925°F  (49S°C) 

920.6 

1,660.8 

2,845.7 

0.008 

5 

Damped  blade,  full  glass  coating,  all  material 
properties  at  800°F  (427 °C) 

940.6 

1,690.7 

2,917.3 

0.0022 

6 

Damped  blade,  full  glass  coating,  all  material 
properties  at  1,000°?  (538°C> 

907.3 

1,641.0 

2,792.2 

0.0044 

7 

Damped  blade,  full  blade  glass  coating  with 
nickel  overcoat,  all  material  properties 
at  925°F  (496°C) ,  7500  rpm 

1,082.4 

2,870.6 

4,037.5 

0.0083** 

8 

Damped  blade,  full  blade  coating,  with  nickel 
overcoat,  all  material  properties  at  925#F 
(496°C) ,  glass  layer  modeled  with  solid 
elements 

1,058.7 

2,874.5 

3,999.2 

0.0122 

‘Blade  material  is  assumed  to  have  an  inherent  loss  factor  of  0.002. 

“The  loss  factor  is  approximate  because  the  peak  is  non-synunotricj  loss  factor 
was  estimated  by  using  the  left  side  of  the  peak  and  multiplying  bandwidth  by 
two.  Analysis  includes  blade  rotation  effects. 


A  series  of  analyses  was  completed 
for  a  non-rotating  blade  with  an  0.25- 
mm  (0.010-inch)  glass  free  layer  coat¬ 
ing  (full  blade  coverage)  at  427,  496, 
538gC  (800,  925,  1,000'P).  The  poak 
structural  loss  factor  occurod  at  tho 
temperature  of  496°C  (925°F),  at  which 
tho  loss  modulus  was  also  at  a  maximum. 
The  complex  modulus  data  for  Corning 
846  3  glass  ara  shown  in  the  rcducod  tem¬ 
perature  nomograph  in  Figure  12.  The 
amplitude- frequency  response  for  the 
three  temperatures  is  shown  in  Figure 
13.  This  plot  shows  tho  reduced  re¬ 
sponse  amplitude  of  the  blade  at  the 
optimum  temperature.  Tho  shift  in  the 
tt rat  made  frequency  with  temperature 
car-  also  he  seen.  The  structural  loss 
factor#  at  427,  496,  arid  538*C  were 
0.0022,  0.000,  and  0.0044,  respectively . 


in  a  structure  with  a  free  layer 
damping  treatment,  the  damping  is  pro¬ 
portional  to  tho  loss  modulus.  The  loss 
modulus  (modulus  *  loss  factor)  of  Corn¬ 
ing  Glass  8463  versus  temperature  is 
shown  in  Figure  14.  Superimposed  on 
this  graph  is  tho  structural  loss  factor 
of  the  blade  with  full  glass  coating. 
From  this  plot  it  con  be  soon  that  tho 
loss  factor  predicted  by  tho  finite  olo- 
ment  analysis  has  the  same  temporaturo 
profile  as  the  loss  modulus.  For  o  free 
layer  damping  application,  those  are  tho 
trends  expocted.  Also  shown  on  this 
plot  is  the  experimentally  measured 
structural  loss  factor  for  a  blade  with 
a  half-blade  glass  coating)  the  peak 
structural  loss  factor  is  higher  and  oc¬ 
curs  at  a  lower  temporaturo . 
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Fig.  13  -  Response  with  Full  Glass 
Coating  at  Three  Tempera¬ 
tures  . 


Fig.  14  -  Loss  Modulus  and  Structural 
Loss  Factor  Versus  Tempera¬ 
ture  . 


STRUCTURAL  LOSS  TACIOR 


Figure  15  shows  cases  3  and  4  to¬ 
gether  for  comparison  purposes.  The 
damped  blade  with  glass  coating  and 
nickel  overcoat  exhibited  a  lower  re¬ 
sponse  than  the  blade  with  just  a  glass 
coating.  Case  4  had  a  lower  first  mode 
frequency  because  the  glass  coating  add¬ 
ed  mass  loading  to  the  blade,  but  con¬ 
tributed  very  little  stiffness  since  its 
modulus  was  an  order  of  magnitude  lower 
than  the  modulus  of  the  blade  material 
or  nickel  overcoat. 

Results  were  obtained  for  an  ini¬ 
tially  stressed  damped  blade  (case  7, 
glass  coating  with  nickel  overcoat) . 

The  initial  stress  was  caused  by  rota¬ 
tion  at  7,500  rpm.  The  shift  in  first 
mode  frequency  due  to  rotation  can  be 
seen  by  comparing  the  rotating  and  non¬ 
rotating  cases  in  Figure  16.  The  width 
of  the  peaks  in  each  case  are  approxi¬ 
mately  the  same,  indicating  that  each 
has  about  the  same  level  of  damping. 
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Fig.  15  -  Comparison  of  Blade  with 

Glass  and  Glass  and  Nickel. 
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[  FIRST  MODE  RESPONSE 
L  DAMPED  BLADE.  GLASS  WITH  NICKEL  OVERCOAT 
[  4%°C  I925°F) 
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Fig.  16  -  Damped  Blade  Response,  Ro¬ 
tating  and  Non-Rotating. 


SUMMARY 

Concise  steps  were  presented  de¬ 
scribing  the  process  by  which  a  damping 
treatment  can  be  analyzed.  Design 


criteria  used  to  evaluate  the  passive 
damping  treatments  were  set  forth,  as 
were  two  methods  of  calculating  the 
structural  loss  factor.  The  example  of 
the  skin  stringer  panel  demonstrated  the 
superior  weight  effectiveness  of  opti¬ 
mally  designed  damping  treatments  for 
reducing  stress.  A  ten  percent  increase 
in  weight  yielded  an  80  percent  reduc¬ 
tion  in  stress.  This  reduction  in 
stress  compares  favorably  to  the  results 
of  several  successful  damping  treatments 
shown  in  Figure  17.  The  analysis  of  the 
damped  turbine  blade  demonstrated  the 
effect  of  temperature  on  damping  per¬ 
formance  (see  Figure  13)  and  shows  a 
good  comparison  between  predicted  and 
experimental  results  (see  Figure  14) . 


Fig. 


17  -  Damping  as  a  More  Weight 
Efficient  Procedure. 
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DISCUSSION 

Volcet  Vher*  did  you  get  your  viscoelastic 
properties  frost  Were  they  assuaedt 

Mr.  Klueatnert  Ve  da  a  lot  of  testing  on  the 
viscoelastic  properties  of  eater lals  at  the 
University  of  Dayton,  so  u*  get  thea  froa  our 
data  bank.  Ve  uaed  a  reduced  teaper&ture 
noaagrae  for  the  aaterlal. 

Mr.  Slater  (Rockwell  International ).t  The  first 
aodel  that  you  analysed  was  a  panel i  did  you  run 
an  acoustic  teat  to  verify  your  analysis? 

Mr.  Jfluegeneri  No,  v#  didn’t.  Ve  used  seas 
test  results  to  use  that  assuaed  loas  factor. 
Ve  had  scae  tent  data  that  said  the  undaaped 
loss  factor  was  about  .006,  That  Is  where  ve 
got  the  assuaed  Inherent  daaplng  froa.  Ve 
didn’t  coapare  the  predicted  stress  to  a  test. 
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ABSTRACT 

A  technique  is  presented  to  compute  a  set  of  normal 
modes  from  a  set  of  measured  complex  modes.  The  number  of 
elements  in  the  modal  vectors,  which  is  equal  to  the  number  of 
measurements,  can  be  larger  than  the  numberof  modes  under 
consideration.  It  is  also  shown  in  this  paper  that  the  practice  of 
normal  mode  approximation  to  complex  modes  can  lead  to 
very  large  errors  when  the  modes  are  too  complex .  A  numerical 
example  and  n  simulated  experiment  are  presented  to  illustrate 
the  concepts  discussed  and  to  support  the  theory  presented. 


NOMENCLATURE 

(C)  :  Damping  matrix. 

:  Modal  damping  matrix  (diagonal). 

/:  Frequency  in  11*. 

Ij :  Imaginary  part  of  the  /th  element  of  a  complex 
modal  vector. 

(A*)  ;  Stiffness  matrix. 

(*1  ;  Modal  stiffness  matrix  (diagonal). 

(Ml :  Mass  matrix. 

(m|  :  Modal  mass  matrix  (diagonal). 

kj :  Real  part  of  the  1th  element  of  a  complex 
modal  vector. 

«r| ,  oa  !  Two  angle*  defining  sign  ( ? )  boundaries  for  the 
approximated  normal  mode  elements, 

p*  ;  Phase  angle  of  the  /th  element  of  a  modal 
vector  (0.0’ or  1£W,0‘  ) 

Oj :  Phase  angle  of  ihe/Ut  element  of  acomplex 
modal  vector 

t  /th  element  of  the  normal  modal  vector. 

{ts)( ;  /tli  normal  modal  vector. 

V; ;  /th  element  of  the  complex  modalvcetor. 

:  /th  complex  modal  vector. 


\j :  /th  characteristic  root. 
u>  *  Natural  frequency  (rad/sec.). 

£ :  Damping  factor. 

I  )  T  :  Transpose  of  a  matrix. 

(  )"1  :  Inverse  of  a  matrix. 

INTRODUCTION  AND  BACKGROUND 

Modal  vibration  tests  are  carried  out  to  experimentally 
determine  a  set  of  modal  parameters  for  the  structure  under 
test.  These  modal  parameters  arc  usually  used  to  verify,  deter¬ 
mine  or  improve  some  analytical  mode)  of  the  structure, 
l  HI- 

Most  of  the  approaches  that  use  experimentally  deter¬ 
mined  modal  parameters  for  dynamic  modeling  of  structures 
use  one  or  more  of  the  following  equations; 


W‘l*lW  -wsjd) 

(1) 

(2) 

(3) 

wrtcj|«-w 

<4) 

In  all  these  equations,  fdl  '*  are  live  norma)  modes  even 
though,  in  practice,  the  measured  modes  are  the  complex 
modes,  which  In  some  cases  can  he  very  different  from 
normal  modes,  As  a  matter  of  fact,  in  vibration  testing  and 
analysis  work  it  is  frequently  assumed  that  damping  levels 
are  very  small  and/or  the  damping  matrix  is  proportional  to 
either  the  mass  or  stiffness  matrices,  an  assumption  that  is 
not  valid  for  many  of  today's  structure*.  Such  assumptions 
and  the  tack  of  differentiation  between  normal  and  complex 
mode*  may  be  attributed  to  the  lack  of  a  tool  to  measure  or 
compute  the  normal  mode*. 

With  the  introduction  of  computer  technology  to  medal 
identification  in  the  early  seventies,  in  Irnth  frequency  domain 
(O.lOj  and  time  domain  (1M6J  techniques,  the  question  of 
normal  versus  complex  modes  started  to  persist  for  answers. 

In  frequency  domain  approaches,  even  with  light  damping  ami 
well  spaced  mode*,  users  frequently  encountered  a  scatter  of 
the  (these  angles  associated  with  the  measured  modal  vector, 

|  III) ,  Some  researchers  and  users  even  went  to  the  extent 
of  questioning  the  test  ami  data  analysts  procedures  when 
the plrnse  angles  were  not  within  >10*  front  0.0*  or  180.0*. 
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In  some  cases,  the  scatter  of  the  phase  angles  of  the  modal 
vectors  was  due  to  the  fact  that  the  damping  is  nonpropor¬ 
tional,  and  hence  the  mode  shapes  are  complex.  Time  domain 
approaches  to  modal  identification,  which  contains  no 
assumptions  regarding  the  level  or  proportionality  of  damp¬ 
ing,  also  indicated  that  structures,  in  many  cases,  possess 
complex  modes. 


Normal  Mode  Approximation  to  Complex  Modes 

Normal  modes  are  defined  as  modal  vectors  whose 
phase  angles  are  either  0.0°  or  180.0°.  Such  modes  exist  for 
extremely  simple  structures,  that  do  not  need  any  testing  any¬ 
way.  They  also  exist  for  structures  with  no  damping  or 
structures  tailored  with  proportional  damping,  none  of  which 
represents  today’s  complex  structures. 

Unlike  normal  modes,  complex  modes  may  possess  any 
phase  angle  distribution.  Each  element  of  the  modal  vector 
is  described  by  a  real  and  imaginary  part  of  an  amplitude  and 
phase  angle  relative  to  the  arbitrary  eloment.  A  scatter  in  the 
phase  angles  of  as  much  as  ±90.0°  from  0.0°  or  180.0°  is  not 
uncommon. 

Recognizing  the  phase  angle  scatter  for  measured 
(complex)  modes,  and  the  naed  for  normal  modes  for  use  in 
equations  such  as  (1 ),  (2),  (3)  and  (4),  researchers  and  users 
have  frequently  used  normal  modes  approximation  to  com¬ 
plex  modes. 

Figure  1  (a)  shows  an  element  of  a  complex  modal  vec¬ 
tor  which  U  complex  and  can  be  expressed  at: 

W  it)  (6) 

The  approximate  normal  mode  element  p,  corresponding  to 

(ht  -  (&•*) 


le* 


X  •"  &****}  Hi  tin*!* 


where  the  assignment  of  a  positive  or  negative  sign  which  is 
equivalent  to  0.0°  or  180.0°  phase  angle,  depends  on  the 
angle  0,(0,-  =  tan"  1IjlRj)  of  the  complex  modal  element  and 
its  relation  to  some  arbitrary  angles  and  a2  as  shown  in 
Figure  1  (b).  In  other  words,  the  phase  angle  for  the  approx 
imated  normal  mode  element  is  assigned  according  to  the 
equations: 

(3j  =  0.0°  a2<  0j  <  otj  (6-b) 

<3,  =  180.0°  a1<6l<az  (6-c) 

It  is  enough  to  state  that,  irrespective  of  the  choice  of 
and  a2,  it  is  unacceptable  to  assign  two  different  signs  to 
two  elements  of  the  approximated  normal  modal  vector  be¬ 
cause  the  phase  angles  of  the  corresponding  elements  of  the 
complex  modal  vector  differ  by  a  fraction  of  a  degree. 

Such  approximation  can  lead  to  erroneous  and  mislead¬ 
ing  results  and  conclusions.  An  example  is  the  orthogonality 
check  where  the  orthogonality  of  the  measured  modes  with 
respect  to  the  mass  matrix  is  tested.  Large  off-diagonal  terms 
may  result  not  only  because  of  errors  in  the  mass  matrix  or 
inaccuracies  in  the  identification  process,  but  because  of  the 
normal  mode  approximation  to  complex  modes. 


NUMERICAL  EXAMPLE 

The  purpose  of  this  example  is  to  show  that  even  though 
all  the  parameters  used  ere  exact: 

1.  Complex  modes  can  be  very  different  from  normal 
modes,  even  for  lightly  damped  mode#  and  small 
nonproportionality  in  the  damping  matrix. 

2.  Large  errors  may  result  from  assuming  that  normal 
modes  approximated  from  complex  modes  are 
orthogonal  with  respect  to  the  mass  matrix. 

The  system  used  in  this  example  Is  a  ten  degree-of- 
freedom  system.  This  system  was  constructed  (simulated)  by 
analytically  generating  ten  normal  modes  at  ten  measurement 
stations  of  a  simply  supported  beam,  ten  undamped  natural 
frequencies  and  a  stiffness  matrix  for  the  system.  The  natural 
frequencies  were  selected  corresponding  to  10.0, 12.0, 15.0, 
20.0, 24.0, 30.0, 38.0. 43.0, 48,0  and  50.0  Ha.  Then,  a  pro¬ 
portional  damping  matrix  (equivalent  to  1.0%  modal  damping 
factor  for  all  the  ten  modes)  and  the  mass  matrix  were  com¬ 
puted  from  the  assumed  Information, 

To  make  the  damping  matrix  non  proportional,  the 
damping  elements  0(3,3).  C(4,4),  0(3,4)  ana  0(4,3)  were 
doubted,  Complex  modes,  damping  factors,  and  damped 
natora)  frequencies  were  computed  for  the  system.  Damping 
factors  changed  Atom  1.0%  for  all  modes  for  proportional 
damping  case  t«  2,0, 1.3, 1.2, 1.2, 1.1, 1,8, 2.8, 3.8, 1.?, 
and  1 .0  percent  for  the  nonpropottiona)  damping  case.  These 
damping  factors  are  relatively  small  but  nevertheless,  some 
modes  showed  high  levels  of  complexity.  Table  1  shows  the 
two  most  complex  mode  shapes,  mode*  8  and  10,  listed  with 
the  eottespondlng  normal  modes.  Phase  angles  of  as  much  as 
88,0  and  74.8”  for  modes  8  and  10  are  noticed  respectively, 
Abo  large  differences  la  amplitudes  exist  between  normal  and 
complex  modes. 

To  illustrate  the  targe  errors  that  may  result  from  normal 
modes  approximation  to  complex  modes,  approximated 
normal  modes  were  used  In  checking  Uteir  orthogonality  with 


respect  to  the  exact  mass  matrix.  The  results  are  shown  in 
Figures  2(a)  and  2(b)  for  different  values  of  «i  and  «2,  in 
Figure  2(a),  otj  and  a2  were  chosen  as  90°  and  270°,  while  in 
Figure  2(b),  they  are  135°  and  315°.  Errors  in  the  offdlagonal 
terms  arc  as  high  as  23.29%  for  the  first  case  and  35.49%  for 
the  second  case. 


THEORY:  COMPUTATION  OP  NORMAL  MODES  PROM 
COMPLEX  MODES 

In  this  section,  two  approaches  are  presented  to  compute 
normal  mode*  (torn  a  measured  set  of  complex  modes.  The 
required  data  are  a  set  of  modal  parameters  such  a*  may  be 
Identified  from  a  modal  survey  test.  These  modal  parameters 
are  namely  a  set  of  complex  modes  }  <,  I  ■  1. . . m  and  a 

set  of  corresponding  characteristic  roots  1  ■  1, . . .  m  (and 
their  complex  conjugates).  The  modal  vectors  have  n  elements 
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where  n  >  m,  which  is  a  typical  test  situation.  To  compute 
the  normal  modes  from  this  given  set  of  complex  modes, 
one  of  the  following  two  approaches  may  be  used. 


Approach  I.  Utlngan  Overtimed  Mathematical  Model 

Prom  the  given  modal  parameters,  displacement  velocity 
and  acceleration  responses  an  formed  according  to  the 
equations: 

2m 

{*«)}  •  t  !*)  A*  {*!«>}  (?«•) 

{*«)}-  £  (7-b) 

i-t 

{*«>!  -  £  M4  (7-e) 

where  n*(f),  nt(t),  n3(i;  are  added  random  noise  of  uniform 
distribution.  These  responses  tie  then  used  la  the  stale  vector 
equation: 


or 
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liri-lAHX)  («i 

where  (X)  and|X)  contain  responses  measured  st  2*  time 
indents.  From  equation  (Of,  the  (4)  nutria  can  be  identi¬ 
fied  •*: 

|A)-(X||X|»  (9? 

Nsturally,  without  any  nobs,  the  matrix  (X)  is  singular 
since  the  number  of  degnewoffteedom  to  larger  than  the 
number  of  modes  present  tn  the  retponass.  A  mull  amount 
of  nob*  make*  the  inversion  of  lX)  possible,  for  the  purpose 
of  extracting  modal  information.  Por  example,  notoe  to  signal 
ratio*  of  as  tiule  as  0.00001  were  used,  (14),  to  invert  a 
GOOxfWO  matrix  of  a  rank  of  4  without  signs  of  ill  condition¬ 
ing  on  a  504>U  word  computer.  Higher  levels  of  noise  may  tie 
twedad  tor  computers  with  last  accuracy. 
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By  computing  matrix  [A  1 ,  the  (it/' 1 K]  matrix  gives 
normal  modes  according  to  the  eigenvalue  equation: 

|A/'»*|  4>  -w2  <t>  (10) 

Approach  2.  Using  Assumed  Modes 

The  given  set  of  complex  modal  parameters  satisfy  the 
equation: 

IAT»K  M->C]  |  -  (i  *  1, ...  m)  (11) 

Since  we  only  have  m  modes  and  the  system  has  n  degrees 
of  freedom,  equation  (11)  cannot  be  solved  for  [AC  1 K  M~ 1 C] . 
Let  us  assume  that  there  exists  a  set  of  vectors  |  P}  j  and  a  set 
of  characteristic  roots  =  m  +  1,  m  +  2. ...  n.  This  set  of 
assumed  parameters  are  selected  such  that: 

X,  **j  (12-a) 

(12-b) 

where  {a}  is  any  vector  of  coefficients.  The  second  equation 
(12-b)  implies  that  j/‘};  and  ji^l  f  for  all  i’s  and  j's  form  a  linearly 
independent  set  of  vectors.  In  such  a  case,  it  can  be  written  that 

(Af 1  A*  M~lC]  I  J  1  -  {-sjpl  |  O' "  m  +  1,  m  +  2, ...  n) 
P  H  (13) 

and  equations  (11)  and  (13)  can  be  solved  for  (AC 'A  Af-,C] 
from  which  normal  modes  are  computed  according  to 
equation  (10). 


It  is  extremoly  important  to  point  out  that  |  AC  1 K] 
and  [AC  ’CJ  obtained  from  eithor  approach  are  not  unique 
since  they  are  functions  of  the  introduced  noise  of  the  as¬ 
sumed  modes.  However  the  set  of  normal  modes,  correspond¬ 
ing  to  the  set  of  given  complex  modes,  was  found  to  be 
independent  of  the  introduced  small  levels  of  noise  or  the 
assumed  modes,  [14] . 


SIMULATED  EXPERIMENT 

To  test  the  validity  of  the  theories  presented  in  this 
paper,  the  ten  degrees-of-freedom  system  previously  discussed 
in  the  section  “NUMERICAL  EXAMPLE"  is  used  here  as  a 
simulated  test  structure.  Response  time  histories  containing 
contributions  from  the  last  four  modes  measured  at  the  ten 
stations  were  generated.  The  last  four  modes  were  selected 
because  the  last  two  modes  show  a  high  level  of  complexity. 
Simulated  measurement  noise  was  added  to  these  responses, 
with  a  noise/signal  r.m.s.  ratio  of  20%,  to  represent  condi¬ 
tions  in  a  real  test.  From  these  responses,  the  complex  modes 
and  characteristic  roots  were  identified,  using  the  time 
domain  approach  [11] .  Normal  modes  were  computed  using 
the  two  approaches  presented  here.  The  assumed  modes 
approach  produced  results  identical  to  those  of  the  oversized 
math  model  approach. 

Table  2-A  and  2-B  list  the  identified  complex  modes  and 
the  computed  normal  modes  for  the  last  two  modes.  A  close 
examination  of  the  computed  normal  modes,  in  comparison 
with  the  theoretical  ones,  indicate  the  validity  of  the 
approaches  presented. 


Table  2-A  —  Identified  Complex  Mode  and  Normal  Mode 
(Mode  No.  9) 
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Table  2-B  —  Identified  Complex  Mode  and  Normal  Mode 
(Mode  No.  10) 
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Figure  3  shows  the  orthogonality  check  matrices.  In 
Figures  3(a)  and  3(b),  approximated  normal  modes  were 
used  with  (90°,  270°)  and  (135°,  315°)  for  (cq,  a2)  respec¬ 
tively.  In  Figure  3(c)  the  computed  normal  modes  were  used. 
Errors  of  21%  and  48%  are  noticed  in  the  off-diagonal  terms 
for  cases  a  and  b  respectively,  while  the  error  for  case  c  was 
only  5%. 


1  *a» 

•  041fc  i  K<» 

.  M13  -  OliSr  t  OCCO 

•  32%  ’lias  •  i'll  i 

Ui  Usifvj  tpproii  mated  compJtx 
rooC#t  02  3  SOI 


l.OdOC 

-.0416  1.9000 

•.0292  ■  4M).'  t.OUOO 

Usin<j  approximated  complex 
modes  «oj  =  IJfc  c? « 


-  0444  1  X» 

u.g*  41SJ  1  CPU) 

•  »'»'»  w»l  ■  .  \ 

■M.  .. 

W  US«n9  competed  norm**  modes 

FU;.  3  '  OetvHsHiuuolUy  dwelt  wwUix  uttintf  litetUifuni  wlrU* 


CONCLUSIONS 

It  U  shown  in  this  paper  that  even  for  low  levels  of 
damping  for  structures  with  mmproportional  damping,  com¬ 
plex  modes  can  he  very  different  from  normal  modes.  In  such 
eases,  normal  mode  approximation  to  complex  modes  may 
lead  to  large  error*  in  orthogonality  check*  or  in  any  use  of 
these  approximated  modes  as  normal  modes, 

A  technique  is  presented  to  compute  normal  modes 
(Toro  measured  complex  mode*.  Computed  normal  mode* 
eliminate  any  errors  that  may  result  from  using  normal 
mode  approximation  to  complex  inodes  produced  by  turn* 
proportional  damping. 


ACKNOWLEDGEMENT 

This  work  was  pamatty  supported  by  a  grant  from 
NASA1*  Langley  Umeanh  Center, 


REFERENCES 

l.  Voting,  J,  P.and  fin,  £4.:  "Mathematical Modeimg  Via 
Direct  Use  of  Vibration  Data  ”8AE  National  Aeronautic 
and  Space  Engineering  and  Manufacturing  Meeting!  U* 
AngelM,  California.  Oct,  ions. 


2.  Thoren,  A.  R.:  “Derivation  of  Mass  and  Stiffness 
Matrices  from  Dynamic  Test  Data.”  A1AA/ASME/SAE 
13th  SDM  Conference,  San  Antonio,  Texas,  April  1972. 

3.  Berman,  A.:  "System  Identification  of  a  Complex 
Structure.”  A1AA/ASMK/SAE  16th  SDM  Conference, 
Denver,  Colorado,  May  1975. 

4.  Potter,  R.  and  Richardson,  M.:  “Mass  Stiffness  and 
Damping  Matrices  from  Measured  Modal  Parameters.” 
International  Instrumentation — Automation  Conference, 
New  York,  October  1974. 

5.  Berman,  A.:  “Mass  Matrix  Correction  Using  an  Incom¬ 
plete  Set  of  Measured  Modes.”  A1AA  J.,  Vol.  17,  No.  10, 
October  1979. 

6.  Chen,  J.  C,  and  Garba,  J.  A.:  “Matrix  Perturbation  for 
Analytical  Model  Improvement."  AIAA/ASME/ASCE/ 
AHS  20th  SDM  Conference,  St.  Louis,  Mo.,  April  1979, 
Paper  No.  79-0831. 

7.  E&uUc,  m.;  ‘  Optimization  iroced  .re  to  Correct  Stiff- 
ness  and  Flexibility  Matrices  Using  Vibration  Tests,” 
A1AA  J„  Vol.  16,  No.  4.  April  1978. 

8.  Berman,  A„  Wei,  F,  8.  and  Rao,  K.  W,:  "Improvement 
of  Analytical  Models  Using  Modal  Test  Data.”  AIAA/ 
A8ME/ASCE/AHS  31st  SDM  Conference,  Seattle, 
Washington,  May  1980,  Patter  No.  80-800. 

9.  Ktoaterman.  A.  and  Zimmerman,  R,:  "Modal  Sumy 
Activity  Via  frequency  Response  functions."  SAE 
Paper  751 068,1975. 

10.  Brown,  D,  L„  AUemang,  K.  J„  Zimmerman.  R„  and 
Mergeay,  M,:  "Parameter  Estimation  Techniques  for 
Modal  Analysis.”  SAE  Paper  760231,  Feb.  1679. 

11.  Ibrahim,  S.  R.  and  Mikutctk.  E.  C.;  “A  Method  for  the 
Direct  Identification  of  Vibration  Parameters  from  the . 
free  Response.”  Shook  and  Vibration  Bulletin  47(4): 
47(41:183198,  Sept.  1977. 

12.  Hanks,  H.  K., Miserentlne,  R„  Ibrahim,  8.  R„  lee,  8,  tl,« 
and  VVada,  U,  K,:  "Comparison  of  Modal  Test  Methods 
on  the  Voyager  Payload,”  SAE  Paper  781044,  Noe,  1978. 

13.  Pappa.  H.  8.  and  Ibrahim,  8.  R,:  "A  Parametric  Study  of 
Ibrahim  Time  Domain  Modal  Identification  Technique." 
Shock  and  Vibration  Bulletin  51,  dune  1981. 

14.  Ibrahim,  8,  R.  and  Pappa,  R.  8.:  "Large  Modal  Sutvey 
Testing  Using  the  Ibrahim  time  Domain  (1TD)  IdentUl- 
cation  Technique  ”  AlAA  Paper  810528-41*, 

16,  Andrew.  L,  V.:  "An  Automated  Application  of 
Ibrahim  «  Time  Domain  Method  to  Retponiee  of  the 
Space  Shuttle.”  AIAA  Paper  81-052W.1*. 


17 


THE  EFFECT  OF  JOINT  PROPERTIES  ON  THE  VIBRATIONS  OF  TIMOSHENKO  FRAMES 


I.  Yaghmai 

Department  of  Mechanical  Engineering 
Sharif  University  of  Technology 
Tehran,  Iran 

and 

D.  A.  Frohrib 

Department  of  Mechanical  Engineering 
University  of  Minnesota 
Minneapolis,  Minnesota  55455 


Mechanical  support  fixtures  comprised  of  short  beams  and  joints  have  natural 
frequencies  which  may  differ  appreciably  from  predictions  based  on  slender 
beam  theory  and  which  neglect  joint  properties.  This  paper  presents  Infor¬ 
mation  on  the  role  of  Timoshenko  effects  and  joining  properties  on  the  first 
several  natural  frequencies  of  frame  structures.  The  interaction  between 
these  properties  and  the  number  of  vertical  bays  of  the  structure  is  also 
portrayed. 


INTRODUCTION 

Frame  structures  are  regularly  used  to  sup¬ 
port  equipment  in  a  vibrational  environment,  such 
as  shock  and  vibration  test  stands  and  rotary 
equipment  mountings.  As  resonant-free  supports 
are  desired  in  such  settings,  compact  struc¬ 
tures  composed  of  stiff  beams  tend  to  be  used. 
Then,  the  size  of  the  joints  and  short  beam 
effects  play  Important  roles  In  the  natural  fre¬ 
quencies  of  the  frame. 

Frames  are  typically  constructed  of  stan¬ 
dard  beam  members  fabricated  with  welded,  riv¬ 
eted,  or  bolted  joints,  which  represent  flex¬ 
ible  arrays;  often,  their  size  is  not  small 
compared  to  the  length  of  the  members  of  which 
they  are  constructed. 

This  paper  presents  information  on  tho 
vibration  of  plane  rectangular  frame  structures 
with  flexible  joints.  Because  there  is  inter¬ 
est  in  a  large  spectrum  of  natural  frequencies 
for  supporting  structures,  the  beams  and  col¬ 
umns  were  retained  as  distributed  parameter 
models  represented  by  Timoshenko  Beam  Theory 
{1}.  Joints  are  modelled  as  end  connections 
with  both  axial  and  bending/shear  flexibility, 
and  with  geometric  size. 

The  deformation  of  joints  connecting 
structural  members  has  been  studied,  primarily 
using  experimental  methods  {2-11}.  Joint  flex¬ 
ibility  can  have  significant  effects  on  inter¬ 
nal  forces  and  moments  within  the  structure  and 
hence,  on  Its  natural  frequencies,  as  demon¬ 
strated  by  Lionberger,  et  al.  {12},  who  studied. 


only  joint  effects  in  slender  beam  structures, 
using  lumped  mass  models. 

In  this  paper,  joints  are  considered  as 
Independent  structural  elements  with  mass,  geo¬ 
metric  size,  and  flexibility.  Joint  deformation 
is  characterized  as  a  sum  of  rotational  and 
translational  components  as  described  by  Field¬ 
ing  {13},  Figure  1.  Five  types  of  planar  joint 
displacement  and  deformation  are  Included: 

11  rigid  body  rotation, 

2}  rigid  body  translation, 

3)  bonding  deformation, 

4)  shear  deformation, 

5)  axial  deformation. 

To  place  the  combined  effects  of  short 
beams  and  joints  in  the  context  of  application, 
the  effect  of  the  number  of  bays,  or  vertically- 
connected  cells,  of  the  frame  was  Included  in 
the  predlcltlon  of  natural  frequencies.  These 
correlations  are  valuable  when  automated  proce¬ 
dures,  such  as  finite  element  methods,  are  used 
to  determine  natural  frequencies,  as  tho  role  of 
joint  properties  can  then  be  understood  when 
modelling  the  structure. 

MATHEMATICAL  REPRESENTATION 

As  vibrational  amplitudes  are  regarded  as  small, 
static  and  dynamic  coupling,  and  coupling  be¬ 
tween  transverse  and  longitudinal  beam  vibration 
in  the  continuum  equations  are  neglected.  How¬ 
ever,  transverse  and  longitudinal  coupling 
occurs  through  the  boundary  conditions,  or 
joints, 
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Rigid  body 
rotation  (r) 


Figure  1:  Joint  Deformations  and  Displacements 


The  mathematical  frame  model  composed  of 
Timoshenko  beams  and  Inertlal/flexlble  joints, 
is  described  In  Figure  2.  Joint  Inertia  {km), 
axial  stiffness  fo),  and  combined  bending  and 
shear  stiffness  (?t)  are  Included.  Joint  size  Is 
Included  by  beam  length  {L * )  of  size  less  than 
conter-to-center  joint  length  (l),  The  solution 
is  formulated  by  applying  the  method  of  Wang  and 
Kinsman  14  ,  whore  dynamic  moment  and  shear 
slope-deflection  equations  wore  developed  for 
Timoshenko  beams  with  rigid  ends.  The  non- 
dimensional  Ized  forms  of  the  equations  are: 


div 

dc1 


b2(r2  +  s2) 


d2  Y 

“H? 
d  C 


-  b2(1  -  b2  r2  s2)  Y  « 
0  .  be  r  s‘)  Ql  /£{ 
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Figure  2:  General  Model  of  Combined  Frame  and  Joint  Properties 


+  b2  (r2  +  s2) 
dc.  <IC 

-  b2  (1  -  b2  r2  s2)  *  ■  0, 


where  symbols  are  Identified  In  the  nomencla¬ 
ture.  The  solution  of  these  equations  for  the 
boundary  conditions  described  In  Figure  1  are 
lengthy,  and  are  presented  by  the  authors  In 
reference  (151.  The  associated  two  boundary 
conditions  are: 

Rotational: 

ignoi  - «,  t  (|)  <°>  ■  i'«. 


(jj^l  (II  *  r  tgj)  (I)  ■  l/dj 


Translational: 

V(0)  -  (tm)  a,  (§|)  (0)  -  Y,  +  (t1/2)  0, 


V(U  -  (ty2)  d2  0  0)  ■  v2  -  (t2/2)  o2 


The  axial  problem  wherein  boundary  tensions  are 
related  to  boundary  axial  motions,  can  be  re¬ 
garded  as  an  uncoupled  problem,  as  shown  In  ref¬ 
erence  {15}. 

The  use  of  dynamic  force-deflection  equa¬ 
tions  Implements  the  solution  by  permitting 
dynamic  equilibrium  equations  to  be  derived 
which  relate  beam  boundary  loads  to  required 
Joint  loads  for  dynamic  equilibrium  of  the  Iso¬ 
lated  Joints.  The  resulting  dynamic  equilibrium 
relationships  for  deflections  of  the  entire 
structure  of  fi  bays  form  a  3N  x  3N  tri-diagonal 
matrix,  whose  determinant  provides  the  charac- 


Flaur*  6:  Effect  of  AkI*1  Deformation  of  Beam*  and  Columns  on  Natural 
Frequencies  of  a  One-Story  Frame  with  Flexible  Joints 
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b 


N=5  Lg/L^.C 
r=.04,  s=.12,  k=.279 


Figure  7:  Effect  of  Axial  Flexibility  at  the  Joints  on  Natural 
Frequencies  of  a  Five-Story  Frame  with  Rotary  Flexible 
Joints 
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terlstic  equation  from  which  natural  frequen¬ 
cies  are  calculated.  Computer  programs  (FREQF2, 
M0DEF2,  RESP2,  FREQS2)  are  given  in  pages  168- 
192  of  reference  {15}. 

RESULTS  AND  INTERPRETATION 

An  initial  perspective  of  the  role  of  joint 
flexibility  on  the  fundamental  natural  fre¬ 
quencies  of  multi -bay  structures  is  provided  in 
Figure  3.  There,  Timoshenko  effects  are  neg¬ 
lected  (r  =  s  =  o).  As  the  number  of  bays  (or 
cells),  N,  increases,  the  role  of  joint  rotary 
stiffness,  ct,  becomes  of  lesser  consequence. 
However,  for  one  or  two  bays,  the  role  of  joint 
flexibility  is  a  dominant  factor.  The  effects  of 


metry,  interactive  with  joint  flexibility  (a) 
are  depicted  in  Figure  4.  The  fundamental 
natural  frequency  is  significantly  affected  by 
joint  stiffness  for  all  slenderness  ratios. 

Whereas  Figures  3  and  4  depict  the  sensi¬ 
tivity  of  the  fundamental  structural  natural 
frequency  to  bay  numbers,  joint  stiffness,  and 
slenderness  geometry  for  classical  slender 
beams,  it  is  Important  to  understand  the  rele¬ 
vance  of  Timoshenko  rotary  Inertia  and  shear 
effects  on  natural  frequency.  This  perspec¬ 
tive  Is  supplied  by  Figures  5  through  7. 

Figure  5  Illustrates  the  dramatic  effect  of 
flexure  parameters  on  several  of  the  lowest 
structural  natural  frequencies  of  a  one-bay 
frame.  Here,  axial  stiffness  Is  Infinite, 
while  joint  shear  and  bending  stiffnesses  are 
represented  by  a  common  parameter, it.  The 
departure  from  slender  (Bernoulli -Euler)  beam 
theory  Is  progressively  greater  as  the  mode 
number  Increases.  The  second  mode,  symmetric 
about  the  structure's  center,  demands  greater 
joint  relative  motion,  and  consequently  at 
low  joint  stiffness  levels  (a),  that  effect  Is 
responsible  for  greater  deviation  of  second 
natural  frequency  values  for  slender  and  Timo¬ 
shenko  beams. 

The  role  of  axial  deformation  of  both 
Joints  and  beams  Is  depicted  In  Figure  6.  Two 
extreme  cases  are  graphed:  for  axially  infin¬ 
itely  stiff  members  (o  *  »)  and  for  non-exis¬ 
tent  axial  stiffness  (n  •  0).  Again,  the 
effect  of  axial  stiffness  is  progressively 
evident  as  the  mode  number  Increases.  In 
addition,  the  role  of  axial  stiffness  is  more 
pronouneed  for  any  mode  for  Infinitely  stiff 
joints  In  bending  (<»  *  0).  Under  this  condi¬ 
tion,  the  compatibility  laws  relating  the 
kinematics  at  the  joint  boundaries  demand 
greater  axial  motion  If  Joint  Internal  rotary 
distortion  Is  prevented.  Naturally,  the  struc¬ 
ture  then  becomes  more  sensitive  to  axial  flex¬ 
ibility,  as  reflected  in  the  variance  between 
dashed  and  sol  id  curves  for  each  mode  number 
at  4*0. 


Another  Important  manifestation  of  axial 


flexibility  arises  as  the  number  of  structural 
bays  increases.  The  combined  role  of  both  axial 
and  bending  deformation  of  the  joints  for  such  a 
case  is  illustrated  in  Figure  7.  Here,  as  a 
number  of  bays  (N  =  5)  exists,  the  mode  shapes 
associated  with  the  higher  mode  numbers  demand 
progressively  more  severe  relative  motions  be¬ 
tween  bays  for  higher  mode  numbers.  This  con¬ 
trasts  with  greater  curvature  within  beam  mem¬ 
bers  at  higher  modes  of  a  one-bay  frame.  Con¬ 
sequently,  with  several  bays,  the  joints  are 
worked  progressively  harder  as  the  mode  number 
increases,  and  the  natural  ftequencies  are  of 
pronounced  difference  for  a  given  mode  for  two 
typical  values  of  bending  stiffness,  a,  These 
frequencies  are  somewhat  insensitive  to  axial 
stiffness  for  the  low  modes  unless  bending  stiff¬ 
ness  is  very  high  (<*  0). 

CONCLUSIONS 


The  role  of  computational  systems  to  study 
the  dynamic  response  of  multi -degree-of-freedom 
systems  has  permitted  the  analysis  of  vibratory 
response  Inconceivable  two  decades  ago.  The 
quality  of  answers  naturally  resides  In  the 
decisions  introduced  in  modelling  effort  which 
generates  Inputs  to  these  algorithms.  This 
paper  demonstrates  that  frame-like  structures 
of  practical  shape  have  natural  frequency  prop¬ 
erties  quite  sensitive  to  end  fixity  (joint) 
conditions.  Whereas  joints  may  be  difficult  to 
model,  methods  have  become  available  to  do  so, 
and  deliberate  thought  should  be  given  to  proper 
characterization  of  their  contributions.  The 
difference  between  fact  and  fiction  In  computer 
output  may  rely  on  adroit  effort  In  this  regard. 
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dimensionless  natural  frequency; 
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shear  coefficient  (shape  coefficient) 
mass  of  jth  joint 
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beam  or  column  cross-section; 
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joint  width,  1,2. 

position  coordinate  along  beam  or 
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beam  or  column  cross-sectional  area 
modulus  of  elasticity 
shear  modulus 

beam  or  eolumn  cross-sectional 
moment  of  Inertia 
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A  -  ** 


L'  beam  or  column  length  exclusive  of 

joints 

L  beam  or  column  length,  center-to-center 

of  joints 

M  moment  at  a  joint 

N  number  of  bays,  or  cells 

Q  external  transverse  dynamic  load/length 

on  beam/ column 

T  axial  force  at  beam  end 

U.|j  axial  distortion  of  joint 

X1  vertical  translation  of  joint 

transverse  translation  of  joint 

Y  transverse  motion  of  beam  or  column 
Incremental  element 

a  dimensionless  combined  bending  and 

shear  flexibility  of  a  joints,  9^/M 

Y  weight  per  unit  volume 

n  dimensionless  joint  axial  flexibility 


9,,  02  rigid  tody  rotation  of  joints  1,  2 
&dB  relative  bending  distortion  angle 

®dsN  relative  shear  distortion  angle 

relative  distortion  angle  ■  0dsN  ♦  0^ 
5  X/L  * 

u  angular  frequency 

v  rotation  of  beam  cross-section 
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SOIL  STRUCTURE  INTERACTION  AND  SOIL  MODELS 
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ABSTRACT 

Soil-structure  intertaction  effects  can  significantly 
alter  the  computed  seismic  behavior  of  a  structure.  The 
accurate  characterization  of  the  nonlinear  soil  behavior 
is  important  in  considering  seismic  amplification  and 
attenuation.  A  detailed  discussion  of  soil  models,  fit¬ 
ting  of  parameters  and  comparison  of  results  is  presented. 
A  comparison  is  given  of  linear  and  nonlinear  example 
data. 


INTRODUCTION 

Soil-structure  interaction  effects  ean 
significantly  alter  the  seismic  loading  that 
reaches  a  structure.  This  greatly  influences 
the  response  of  the  structure.  To  complicate 
the  problem,  the  Navy  has  unique,  complex 
structures  such  as  piers,  drydoeks,  power 
plants,  control  towers,  and  fuel  tanks. 

Advanced  techniques  for  analysis  of  these 
structures  sre  of  interest.  One  tool  in  vide 
usage  is  the  finite  element  technique.  The 
finite  element  method  has  an  advantage  over 
other  methods  in  that  structural  elements  and 
structures  themselves  can  he  easily  modeled. 
However,  the  semi-infinite  soil  field  has  to 
be  modeled  by  finite  soil  elements  with  pre¬ 
scribed  boundary  conditions.  The  selection  of 
proper  material  characterisations  of  the  non¬ 
linear  soil  behavior  is  important  in  consid¬ 
ering  seismic  saplificetion/sttenuation. 

Recent  earthquakes,  particularly  those  in 
Alsuks,  Japan,  and  Chile,  have  emphasised  the 
high  damage  threat  the  soil  liquefaction  phe¬ 
nomenon  poses  to  waterfront  structures.  Thmta 
experiences  have  shown  that  both  the  nature  of 
waterfront  facilities,  such  as  earth-retaining 
structures,  and  the  depositions!  environment 
of  the  coastal  marine  soil  contribute  to  major  - 
liquefaction  damage.  A  study  conducted  by  the 
Office  of  Naval  Research  (Ref  1)  recognised  a 


major  liquefaction  hasard  existing  at  Vest 
Coast  Naval  stations.  A  more  recent  investi¬ 
gation  at  the  Naval  Air  Station  (NAS)  North 
Island,  CA,  (Ref  2),  concluded  that  liquefac¬ 
tion  under  design  earthquake  levels  could 
result  in  destruction  of  such  critical  struc¬ 
tures  as  aim-aft  carrier  berths,  svistion 
fuel  tank  firsts,  snd  underground  utility  ser¬ 
vice  lines.  Unfortunately,  slmost  all  pre¬ 
vious  studies  of  the  liquefaction  problem  have 
been  concerned  with  either  conventional  build¬ 
ing  foundations  or  with  analyses  of  dams,  and 
procedures  for  analysis  are  not  available  for 
specialised  Navy  structures. 

The  effective  stress  model  is  of  major 
significance  since  the  Navy  must  locate  in 
areas  where  the  water  table  is  high.  Even  if 
liquefsetion  (s  loss  of  shesr  stress  from  s 
loss  of  effective  confining  stress)  does  not 
occur,  ■  buildup  of  pore  pressure  is  probable 
both  in  sands  snd  clays.  This  pore  pressure 
buildup  can  be  of  major  significance  to  struc¬ 
tural  behavior. 

The  Navy  has  a  drydock  certification  pro- 
gr/Mi  in  progress.  These  structures  sre 
„  examples  of  situstioas  where  s  structure  is 
surrounded  by  soil,  often  with  s  high  water 
.  table.  A  brief  review  of  certification  reports 
shows  t!yit  high  Uqusfnctiou  potential,  flota- 


tion,  and  floor  and  wall  failures  are  possible. 
Drydocks  are  critical  Navy  structures;  however, 
present  analytical  techniques  reflect  the 
state-of-the-art  as  of  1950.  Basically, 
static  structural  analysis  procedures  are  used 
with  estimates  of  the  soil  pressure.  The  dry- 
dock  illustrates  the  significance  of  the  soil- 
structure  interaction.  Soil  loading  causes 
wall  deflections  which,  in  turn,  alter  the 
soil  load.  The  effective  stress  soil  model  is 
a  critical  tool  for  use  on  waterfront  struc¬ 
tures.  Dynamic  analysis  techniques  are  essen¬ 
tial  for  a  realistic  assessment  of  drydock 
safety.  Drydocks  are  only  one  application; 
others  include  quaywalls,  bulkheads,  retaining 
walls,  ocean  floor  structures,  etc. 

Two  points  are  significant:  (1)  the  Navy 
needs  a  dynamic  analysis  capability  to  accu¬ 
rately  evaluate  structural  safety  of  facilities 
such  as  drydocks,  and  (2)  presently  no  such 
capability  exists. 

There  are  procedures  in  use  mainly  in 
support  of  analysis  of  nuclear  power  plants. 
Codec  such  as  SHAKE  or  SLAVE  are  used  to  com¬ 
pute  amplification  of  vertical  shear  waves. 
Material  parameters  are  strain  dependent  and 
linear.  Two-dimensional  programs,  such  as 
FLUSH,  perform  linear  strain  dependent  analysis 
with  quiet  boundaries  (do  not  reflect  earth¬ 
quake  loading  wave).  TRI-SAC  is  a  similar 
code  using  elastic  material  properties.  TRANAL 
is  a  nonlinear  finite  element  code  and  STEALTH 
is  a  finite  difference  code.  None  of  these 
considers  effective  stresses  in  the  soil- 
structure  problem  (Ref  3). 

The  state-of-the-art  of  soil-structure 
analysis  is  limited.  The  influence  of  surfsce 
features  is  uncertain.  Undulating  subsurface 
layers  can  create  problems  in  modeling.  There 
is  a  frequency  dependence  of  response  spectra 
relative  to  the  dynamic  properties  of  the  soil. 
Limitstioas  of  the  present  procedures  arc 
becoming  more  apparent  as  technology  improves. 
Since  ground  motion  it  so  dependent  on  soil 
filtering,  specification  of  motion  levels 
should  he  at  the  surface  since  bedrock  motions 
are  not  measured  or  known  with  certainty. 
Horixontal  propagation  of  motion,  not  consid¬ 
ered  in  most  analyses,  creates  rotational 
excitations  ss  s  result  of  variation  of  ground 
motion  scrota  a  foundation.  The  resulting 
rocking  and  torsional  excitation  may  increase 
translations  depending  upon  the  phase  of  the 
motions.  Although  three-dimensional  techniques 
have  not  been  ueed,  only  three-dimensionei 
techniques  cen  capture  radiation  damping 
effects. 

The  structure  resting  on  a  toil  field  is 
excited  by  a  dynamic  inertial  force,  resulting 
in  displacements  of  both,  The  shaking  struc¬ 
ture  disturbs  the  ground  motion,  creating 
secondary  waves.  These  secondary  waves  travel 
through  the  finite  element  spatial  grid  (mesh) 
and  reach  «  boundary.  The  boundary  is  a  limi¬ 
tation  of  the  analysis  and  does  not  exist  in 
the  actus!  case.  The  presence  of  the  boundary 
can  cause  a  reflection  of  the  wave.  When 
linear  material  properties  are  used,  reflec¬ 
tions  can  be  minimised  for  shear  waves  by  use 


of  springs  and  dampers.  These  then  form  trans¬ 
mitting  boundaries  (reducing  reflection).  The 
solution  of  the  true  soil-structure  interaction 
is  obtained  by  superimposing  the  free-field 
solution  with  the  structure-soil  solution.  If 
nonlinear  soil  properties  that  affect  the 
stiffness  and  damping  are  used,  superposition 
is  no  longer  valid.  A  possible  solution  to 
the  nonlinear  problem  is  to  impose  the  free- 
field  solution  at  depths  along  the  boundary. 

If  the  boundaries  are  taken  a  sufficient  dis¬ 
tance  from  the  structure,  effects  can  be  mini¬ 
mized. 

This  paper  will  present  results  of  evalu¬ 
ations  of  material  models  and  an  approach  for 
a  soil-structure  analysis. 

COMPARISON  OF  MATERIAL  MODELS 

Reference  (4)  gives  an  in-depth  discussion 
of  the  material  laws  studied  presenting  signif¬ 
icant  amount  of  individual  model  evaluation, 
including  background  development,  parameter 
studies,  and  fitting  procedures.  Three  models 
were  selected  for  study: 

1.  Sandler  CAP75  model  (Ref  5) 

2.  Prevoat  effective  stress  model  (Ref  6) 

3.  Zienkiewicz  LIQU  model  with  h'obr- 
Coulomb  and  critical  state 
formulations  (Ref  7) 

The  CAP75  model  is  a  plasticity  model 
defined  by  a  nonsofteoing  convex  yield  surface 
and  a  plastic  strain  rate  vector  that  is  normal 
to  the  yield  surface  in  stress  space.  The 
yield  surface  is  defined  by  means  of  a  failure 
envelope  and  a  hardening  cap. 

Failure  envelope  J2  *  Fj,(Jj) 

Cap  dj  ■  Fg(Jj) 

Figure  L  shows  the  yield  surfaces.  The  failure 
envelope  must  be  s  decreasing  function  of  the 
J.  axis  to  the  failure  envelope;  the  yield 
surface  must  be  continuous. 

Within  the  yield  surface  the  material 
behavior  is  isotropic  elastic  defined  by  the 
hulk  and  shear  moduli  (Figures  2  and  3),  which 
are  of  the  form 

K  ■  KCJj.'k) 

c .  o(vxr;  k) 

The  hardening  parameter,  k,  it  defined  as  the 
functional  of  the  plastic  volumetric  strata. 

The  plastic  volumetric  strain  is  defined  in 
terms  of  material  parameters  W  and  0  (Figure 
*>, 

f  «  V  jeep  (0  X(k)l  -  lj 

where  X(k)  *  X  -  «  7r(k) 

X  a  material  parameter 


Figure  1.  Proposed  yield  surfaces  for  the 
elastic-plastic  strait -hardening  model. 


Fissure  2.  elastic  bulk  sedulus  versus  first 
Invariant  of  the  stress  tenser. 


FiSi.tre  l.  elastic  shear  eredulnw  versus  second 
invariant  of  the  stress  deviation  tenser  and 
plastic  velmscirle  strain. 


Figure  4.  Proposed  relationship  for  isotropic 
compression  test. 


The  cap  la  a  consequence  of  the  stability 
requirements  and  is  prevented  fro*  acting  ae  a 
softening  yield  surface.  If  di latency  occurs, 
the  shrinking  of  the  cep  is  United  to  ensure 
it  reaains  finite.  A  tension  cutoff  is 
included  bated  an  hydrostatic  stress.  The 
leodel  is  s  totsl  stress  nodal. 

In  the  Prevost,  Figure  5,  soil  nodal  the 
soil  is  viewed  at  a  multiphase  nediun  consis¬ 
ting  cf  an  inelastic  porous  skeleton  and 
viscous  fluids.  The  model  is  a  general  analyt¬ 
ical  nodal  that  describes  the  nonlinear,  enieo- 
tropic,  elasto-plastic,  stress  and  strain 
.dependents,,  end  strength  properties  of  the 
skeleton  when  subjected  to  a  three-iiinensioasl 
loading.  Fra vos t  develops  the  coupled  field 
tenser  equations  for  s  sstursted  soil  consis¬ 
ting  of  a  perfect  fluid  end  e  plecsvite-iisesr, 
tine-independent  porous  skeleton  where  the 
pore  fluid  end  the  solid  grains  are  incompress¬ 
ible.  The  general  formulation  of  the  field 
equations  can  be  reduced  fur  the  following 
conditions: 

1,  Undrsiaed 

3.  Fully  drained 

3.  Fully  drained  steady  state 

The  elastic  and  plaaMt  components  of  defama¬ 
tion  are  aeeutateti  acd  it  ia  assumed  the  elas¬ 
ticity  of  the  nsteriai  is  isotropic  and  linear 
in  shesr.  Shear  nonlinearity  and  anisotropy 
result  Iren  the  material's  plasticity.  The 
elastic  components  are  related  by  a  generalised 
Hooke's  law  in  which  the  shear  modulus  ia 
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constant  and  the  bulk  modulus  is  assumed  to  be 
a  function  of  the  effective  mean  normal  stress, 
the  mode)  uses  a  series  of  yield  surface*  with 
a  normality  floe  rule  of  plasticity,  the  rule 
of  isotropic  plastic  hardening  is  not  adequate 
for  soils  in  general  Sint#  under  unloading  and 
loading  reversals  u  implies  elastic  behavior 
esciusiveiy  until  the  stress  is  fully  reversed, 
test  data  shoo  both  elastic  and  plastic  defor* 
nations  occur  veil  before  the  stress  is  fully 
reversed,  to  account  for  this  combination, 
isotropic  and  kinematic  plastic  hardening  rule 
is  used  to  allow  the  yield  surfaces  to  he 
translated  in  stress  space  as  well  as  to  change 
in  sice.  The  yield  surfaces'  initial  position 
and  sire  reflect  the  past  sr  ress-stram  his* 
»ory.  The  outermost  "boundary"  warfare  i.i  a 
"volumetric"  yield  surface  whoso  sixe,  post* 
tion,  and  movement  are  functions  of  material 


density.  Points  C  and  E  (Figure  Sa)  define 
the  critical  state  conditions  for  triaxial 
compression  and  extension  and  the  slopes  of 
lines  OC  and  OE  remain  constant.  An  associa¬ 
tive  flow  rule  is  used  on  the  yield  surface, 
f  ,  to  compute  plastic  strain  rate  vector  com¬ 
ponents.  A  plastic  modulus  is  associated  with 
the  inner  yield  surfaces  and  varies  along  the 
yield  surface.  Projections  of  the  yield  sur¬ 
face  onto  the  deviatoric  subspace  define 
regions  of  constant  plastic  shear  moduli.  A 
nonassociative  flow  rule  is  used  on  the  yield 
surface.  The  plastic  deviatoric  strain  rate 
vector,  however,  remains  normal  to  the  projec¬ 
tion  of  the  yield  surface  onto  the  deviatoric 
subspace.  All  the  yield  surfaces  may  translate 
in  stress  space,  touch  and  push  each  other, 
but  they  cannot  intersect.  When  the  stress 
loading  point  reaches  yield  surface  all  the 
yield  surfaces  are  tangent  to  each  other  at 
the  contact  point.  If  a  stress  rate  is  then 
applied  such  that  the  stress  rate  vector 
points  outward,  the  plastic  strain  rate  vectors 
are  given  by  the  nonassociative  flow  rule. 

The  yield  surfaces  translate  together  and 
remain  together  based  on  the  stress  path. 
Overlapping  of  the  yield  surface!  is  prevented 
by  restricting  contact  to  pointa  only  having 
the  same  outward  normal.  The  pore  pressure  la 
related  through  the  bulk  modulus  to  the  plastic 
potential. 

The  Zienkiewicx  toil  model  Figures  6,  7 
and  8  is  formulated  in  terms  of  a  plasticity 
model.  An  elastic  limiting  yield  aurface  can 
be  formulated  in  terms  of  an  effective  stress 
tensor  and  a  hardening  parameter  which  is  a 
function  of  plastic  strain.  Elastic  straining 
occurs  below  the  yield  surface  and  both  elastic 
and  plastic  strain  occur  on  the  yield  aurface. 
The  direction  of  plastic  strain  it  defined  by 
the  plastic  potential  function.  A  flow  rule 
for  plastic  strain  can  be  written  relating 
stress  to  plastic  strain.  The  total »  stress' 
dependent ,  strain  increment  can  be  divided 
into  elastic  and  plastic  parts. 

MODEL  RESULTS 

Figures  Da*e  present  a  comparison  of  the 
models  under  triatrial  loading  with  SO  pal  eon* 
solidation  pressure.  Test  data  are  taken  from 
references  8,  it  and  10.  All  models  are  satis* 
factory  in  evaluating  both  shear  and  volumetric 
loading.  The  Provost  model  gives  the  best  fit 
to  the  experimental  data,  The  calculation  was 
repeated  for  a  triaxial  loading  with  100  pai 
consolidation  pressure.  Data  for  the  CAP7S 
and  OC2  models  are  used  directly,  only  changing 
the  consolidation  pressure.  Data  foe  the 
Prevest  model  are  scaled  by  a  technique  dis¬ 
cussed  in  reference  4,  Performance  of  the 
models  was  similar  to  the  previous  test 
results. 

Using  the  drained  isotropic  material  prop* 
erties,  undrained  tests  weie  simulated  using 
the  Eienkiewica  critical  state  model  and  the 
Prevest  model.  Results  are  shown  in  Figure  ID 
for  different  consolidations,  Roth  tests 
exhibit  good  agreement  in  stress-strain 
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Figure  6.  The  Mohr-Coulomb  failure  surface  in 
principal  stress  space  representing  the  yield 
surface  of  an  associated  plastic  model  (Model 
A). 
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Figure  8.  The  critical  state  model  (with  a 
Mohr-Coulomb  critical  surface)  (Model  C) . 
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Figure  9a,  Cook'N  Hand  50  pul  trtaxJnl  test 


Figure  7.  A  non-assoc fated  ideal  plastic  model 
with  potential  and  yield  surfaces  of  similar* 
Kohr-Coulomb.  form  (Model  B) . 
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Figure  9b.  Cook's  sand  50  psi  triaxial  test. 
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Figure  9c.  Cook's  sand  50  psi  triaxial  test. 


behavior  and  poor  agreement  in  streaa  pat 
(atreas-atreas)  tracking.  The  fitting  of  the 
critical  itate  model  parameter* ,  although  aim- 
pie  in  concept,  did  not  allow  the  model  to 
match  the  volumetric  data  closely.  This  is 
thought  to  be  the  major  cause  of  the  problem. 
The  best  fit  parameters  force  the  model  to 
overcompact  (densify)  the  sand,  resulting  in 
high  pore  pressure  and  lose  of  strength.  The 
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Figure  10a.  Cook's  sand  undrained  triaxial 
test,  100  psi  confinement. 
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Figure  10b.  Cook's  sand  undruined  triaxial 
tost,  100  osi  confinuraont. 


extent  of  pore  pressure  generation  is  very 
sensitive  to  the  fluid  modulus.  This  msy  be 
tuned  by  matching  test  data.  The  model  exhib¬ 
its  pore  pressure  buildup  both  in  loading  and 
unloading.  This,  although  crude  in  approach, 
does  show  cyclic  degradation  effects.  Cyclic 
degradation  effects  are  not  presently  included 
in  the  Prevost  model. 
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STATIC  LOADS 

Dynamic  analysis  requires  tbe  correct 
transmission  of  the  exciting  wave.  The  deter¬ 
mination  of  correct  stress  amplification  or 
attenuation  is  dependent  on  the  material  char¬ 
acterization.  Most  studies  in  the  past  have 
characterized  the  earthquake  soil  structure 
problem  using  strain-dependent  elastic  proper¬ 
ties.  One  aspect  of  this  task  was  to  evaluate 
stress  attenuation  using  nonlinear  material 
properties.  This  effort  is  directly  related 
both  to  the  earthquake  soil  structure  problem 
as  well  as  to  shock/blast  analysis  work. 

In  the  nonlinear  representation  of  a  soil, 
traditional  superposition  of  elastic  static 
and  dynamic  solutions  is  no  longer  valid.  The 
initial  static  stress  state  determines  the 
ambient  conditions  for  the  dynamic  loading. 
Consider  a  building  sitting  on  a  soil  field. 

The  stress  state  from  the  structure  load 
imposes  a  different  stress  state  on  the  soil 
from  that  of  the  free  field.  One  approach  is 
to  calculate  a  uniform  gravity  on  the  soil 
field  then  "birth"  the  structure  (have  portions 
of  the  structure  enter  the  calculation  at  dif¬ 
ferent  time  steps).  This  stress  state  would 
then  be  the  start  for  the  dynamic  solution. 

The  CAP75  model  has  a  gravity  pressure,  which 
is  essentially  a  shift  along  the  J.  atis. 

This  loads  the  element  hydrostatically 
rather  than  with  an  appropriate  K  value  for 
horizontal  stress.  To  allow  for  a  simplified 
starting  point,  the  basic  material  model  was 
modified  to  allow  both  a  gravity  shift  and  a 
X  f  1.0  condition  to  be  represented.  This 
imposed  a  nonzero  value  of  J-,  which  required 
that  the  cap  be  moved  outward  such  that  the 
starting  point  would  be  on  the  failure  surface. 

The  ADINA  restart  option  was  used  for 
dynamic  analysis;  it  is  not  possible  to  first 
perform  a  vertical  gravity  analysis  and  then  a 
horizontal  shaking  analysis  since  the  boundary 
conditions  would  be  different.  Results  from  o 
typical  static  gravity  analysis  can  be  used  as 
tbe  basis  for  material  property  shift,  then 
the  static  structure  stresses  and  boundary 
displacement  can  be  calculated.  These  static 
(structure  load)  displacements  are  reapplied 
at  prescribed  boundaries,  repeating  the  static 
load  case.  The  solution  is  then  restarted, 
applying  horizontal  boundary  displacements 
based  on  the  dynamic  shaking. 

To  auassariie  the  procedure: 

1.  Calculate  gravity  shift. 

2.  Perform  static  analysis  of  soil  and 
structure,  evaluating  structure 
weight  displacements.  Boundary  con* 
ditiona  are  horizontally  reatrained 
and  vertically  free.  Determine 
boundary  displacement#. 

3.  Perform  a  dynamic  soil  column  study 
to  evaluate  dynamic  boundary  horizon¬ 
tal  displacements  from  shaking. 


4.  Perform  a  dynamic  soil  structure 
analysis  to  repeat  soil-structure 
with  displacements  prescribed.  First 
quasi-static  (dynamic  with  long  time 
steps)  for  gravity;  then  restart 
with  shortened  steps  for  dynamic 
shaking. 

ELASTIC  ANALYSIS 

Using  the  approach  outlined  above,  a  soil 
column  mesh  was  excited  with  an  earthquake  to 
simulate  free-field  motion  at  various  depths. 
Cook's  sand  (strain-dependent)  properties  were 
utilized  in  this  analysis.  Horizontal  boundary 
node  displacement,  velocity,  and  acceleration 
histories  were  computed.  A  static  analysis 
was  performed  using  the  mesh  shown  in 
Figure  11.  Gravity  loading  was  used  to  apply 
tbe  structure  and  soil  gravity  loading  to  the 
soil.  Figure  12  shows  the  static  response. 

Time  functions  were  constructed  using  the  ver¬ 
tical  mesh  boundary  displacements  from  the 
static  analysis  and  the  horizontal  dynamic 
shaking  displacement  of  the  soil  column.  These 
displacement  functions  were  applied  to  drive 
the  horizontal  and  vertical  mesh  boundaries, 
first  repeating  the  "static  analysis"  using 
large  time  steps  then  restarting  with  a  smaller 
dynamic  time  increment.  Results  are  shown  in 
Figure  13.  The  soil  column  response  indicates 
some  amplification  of  the  base  motion.  There 
is  considerable  reduction  of  motion  under  the 
structure  as  shown  by  the  time  histories 
beneath  the  structure  when  compared  with  free* 
field  response.  This  is  shown  clearly  by  the 
contour  plots  of  acceleration  and  velocity 
which  give  vector  magnitudes  at  a  particular 
time.  The  resulta  shown  are  for  the  conditions 
of  this  problem  end  are  not  meant  to  express 
general  conclusions. 

NONLINEAR  ANALYSIS 

The  previous  analysts  was  repeated  using 
the  nonlinear  CAP 73  material  model  and  Cook's 
sand  properties.  The  nonlinear  results  show 
fatter  propagation  and  higher  load  levels. 

Tbit  is  a  result  of  higher  modulus  values  at 
depth  than  were  estimated  by  the  elastic 
usalyaia. 

The  static  stress  results  for  the  meih 
(Figure  11)  are  shown  in  Figure  14.  The 
results  are  similar  to  the  resulta  of  the  elas¬ 
tic  analysis.  The  overall  levels  of  motion  in 
the  inelastic  analysis  are  greater  than  those 
of  the  elastic  analysis.  The  same  base  dis¬ 
placement  function  was  used  for  both.  Yielding 
in  the  nonlinear  soil  increased  motions.  How¬ 
ever,  attentuatton  of  station  was  noted  beneath 
the  structure  telative  to  the  free  field  as 
was  noted  in  the  elastic  analysis.  Figure  15 
shows  the  response  st  step  SO,  t  »  1.25  seconds. 
Since  the  response  is  shown  for  s  specific 
time  sud  the  nonlinear  characteristics  cause 
the  time  histories  to  differ  frost  the  elastic 
analysis,  a  direct  comparison  of  stress  states 
at  that  instant  in  time  is  not  possible. 
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The  random  cyclic  loading  is  •  severe 
test  of  the  CAP  model,  hiving  loading  end 
unloading  occurring  both  spatially  in  nearby 
sections  of  the  mesh  and  in  time  with  rapid 
reversals.  These  cause  sudden  changes  in  the 
stiffness  of  the  elements.  Often  the  state  of 
stress  may  vary  from  the  tension  cutoff  region, 
to  cap  region,  to  envelope  region  in  a 
relatively  small  distance  or  time.  This  is 
particularly  true  beneath  the  outer  edge  of 
the  structure  where  high  shears  are  present. 
Rocking  of  the  structure  causes  uplift  end 
reduced  stiffness  of  the  soil.  This  greatly 
exaggerates  the  acceleration,  Pockets  of  high 
acceleration  occur.  This  problem  c«n  be  cor¬ 
rected  by  reducing  the  time  step  and  solving 
the  *xave  propagation  problem  more  exactly. 
However,  from  an  engineering  point  of  view, 
this  is  r.ot  the  intent  of  the  analysis,  and 
the  reduced  time  step  would  economically  pre¬ 
clude  an  analysis  of  long  duration.  Displace¬ 
ment  and  stresses  are  not  significantly 
affected  by  the  acceleration  sensitivity  to 
changes  in  stiffness.  Acceleration  spatial 
plots  are  not  accurate  since  they  are  influ¬ 


enced  by  localized  high  spots,  and  acceleration 
results  should  not  be  expected  unless  the  time 
step  is  reduced  to  track  the  wave  propagation 
rather  than  atreaa  response.  This  is  clearly 
evident  from  satisfactory  acceleration  perfor¬ 
mance  in  the  elastic  analysis,  which  did  not 
have  rapid  stiffness  variation. 

CONCLUSION 

A  detailed  study  has  been  made  evaluating 
soil  material  models.  A  test  case  of  a  sim¬ 
plified  structure  on  a  soil  field  was  studied. 
The  analysis  (hows  it  is  feasible  to  excite  a 
soil  column  using  base  masses  and  s  force/ 
acceleration  function;  this  motion  esn  then  be 
transferred  to  s  large  soil  mesh  through  a 
displacement  function.  Mesh  site  and  time 
step  must  be  selected  to  ensure  adequate  pre¬ 
servation  of  the  input  motion.  The  material 
yielding  and  rapid  changes  in  stiffness  cause 
localised  pockets  of  high  acceleration.  Static 
and  dynamic  loadings  were  satisfactorily 
imposed  upon  the  meah  through  utilisation  of 
static,  quasi-static,  and  dynamic  re»Urt». 
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Future  work  will  further  develop  the  con¬ 
cepts  presented  herein.  Additional  demonstra¬ 
tion  case  studies  are  required  to  develop  a 
generalized  appreciation  for  mesh  size  and 
time  step  parameters.  The  use  of  nested  sur¬ 
face  material  law  concepts  to  more  accurately 
track  the  wave  propagation  problem  will  be 
evaluated.  The  cumulative  strain  degradation 
effect  on  soil  should  be  incorporated  into  the 
Prevost  soil  model  to  allow  the  model  to  track 
cyclic  pore  pressure  generation. 
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The  complete  dynamic  analysis  of  shock  and  vibration  problems  usually  requires 
the  solution  of  one  or  more  hyperbolic  partial  differential  equations  Involv¬ 
ing  space  and  time  as  Independent  variables.  Many  times  a  numerical  solution 
Is  attempted  by  first  eliminating  the  spatial  dependency  through  the  substitu¬ 
tion  of  Rite  type  approximations  into  a  variational  formulation  of  the  prob¬ 
lem,  thus  generating  a  corresponding  set  of  ordinary  differential  equations  in 
time,  i.e.,  the  Euler-Lagrange  equations  for  the  problem.  The  solution  of 
these  equations  can  sometimes  be  tedious  owing  to  the  hyperbolic  nature  of  the 
problem.  Instability  may  result  unless  the  time  step  Is  sufficiently  small 
and  for  problems  Involving  rapidly  changing  loads  or  material  properties,  the 
smallness  of  the  time  step  required  may  lead  to  unacceptably  long  computation 
time.  When  true  shock  conditions  are  encountered,  there  may  result  no  solu¬ 
tion  at  all.  For  such  problems  advantage  may  be  gained  by  continuing  the 
variational  formulation  into  the  time  domain,  dispensing  altogether  with  the 
Euler-Lagrange  equations  and  the  need  to  solve  them.  While  there  exists  a 
considerable  choice  of  variational  principles  for  eliminating  the  space 
variables  (virtual  work,  minimum  potential  energy,  etc.),  the  only  physically 
based  variational  prlnclpla  extending  to  the  time  domain  Is  Hamilton's 
principle  which,  however,  Is  unsuitable  for  the  solution  of  Initial-value 
problems  in  dynamics  because  of  constraints  placed  on  tha  variational 
quantities  at  the  end  points  of  the  Interval  of  tlma-lntegratlon.  A  way 
around  this  restriction  Is  to  employ  Instead  Hamilton's  Law  of  Varying  Action 
which  only  becomes  Hamilton's  principle  If  the  end  point  constraints  are 
applied.  Unlike  Hamilton's  principle,  the  Law  of  Varying  Action  Is  not  a  true 
variational  prlnclpla  In  the  sense  of  the  calculus  of  variations,  yet  this  In 
no  way  Impedes  Its  application  to  problems  in  dynamics.  When  piecewise  basis 
functions  (finite-elements}  are  employed  as  Mts-approximatlone  in  the  law  of 
Varying  Action,  however,  convergence  to  the  proper  solution  does  not  follow  In 
a  straightforward  manner.  Tha  difficulties  encountered  and  their  logical 
resolution  leading  to  a  workable  finite  element  Cumulation  for  the  time 
domain  Is  the  main  topic  of  this  paper.  A  few  demonstrations  of  tha  utility 
of  finite  elements  In  time  are  aloo  given. 


INTRODUCTION 

According  to  Flnlayson  and  Scrlven  til  it 
la  not  variational  notation  or  even  tha  concept 
of  a  varied  path  which  la  tha  key  crltarlon  of  a 
trut  variational  'principle*  but  rather  the 
existence  of  e  functional  which  whan  varied  and 
act  to  taro,  ganarataa  tha  governing  aquations 
and  constraints  for  a  given  class  of  problems, 

In  this  sense,  certain  fundamental  principles  of 
mechanics  sueh  as  d'Aleebert's  Principle  do  not 
truly  qualify  as  variational  principles.  That 
Is  to  say,  these  mechanical  principle*  or  'lews' 
cannot  be  posed  ee  central  problems  of  the 
calculus  of  variations.  Ou  tha  other  hand  there 


are  others,  such  aa  Hamilton' a  principle  which 
do  qualify  ee  true  variational  prlnclpla*.  Yat 
It  le  d'Alembert's  Principle  which  forma  a  basis 
for  ell  enalytlcel  mechanics  12|  and  It  follows, 
therafore,  that  the  vanishing  of  tha  first  vari¬ 
ation  of  some  functional  la  not  a  necessary  con¬ 
dition  for  tha  scalar  formulation  of  any  mechan¬ 
ics  problem  -  however  elegant  or  convenient  this 
may  be.  Whether  a  true  variational  principle  or 
e  more  fundamental  variational  statement  (•  used 
to  obtain  e  numerical  solution  to  a  dynamics 
problem,  an  Imports U  argument  la  that  wall 
established  laws  ao.*h  aa  d'Alembert's  Principle 
or  true  principles  such  as  Hamilton's,  are  phys¬ 
ically  baaed  und  avoid  tha  arbitrariness  Inher- 


eat  in  general  weighted  residual  methods  and 
contrived  variational  principles,  fforeover, 
only  those  variational  principles  which  are  also 
maximum  or  minimum  principles  appear  to  offer 
any  special  advantage  for  obtaining  approximate 
solutions  -  mainly  through  their  ability  to 
provide  bounds  on  the  variational  integral. 

Even  then  the  system  treated  must  be  positive- 
definite  and  the  upper  and  lower  bounds  are 
often  too  far  apart  to  be  of  practical  value. 

In  brief,  there  seems  to  be  little  point  in  con¬ 
triving  a  variational  principle  in  preference  to 
a  variational  law  of  mechanics  despite  the  more 
primitive  status  of  the  latter.  Indeed  the  many 
solutions  to  Initial  value  dynamics  problems 
achieved  by  C.  Bailey  (3)  by  applying  the  Ritz 
method  to  Hamilton's  'law  of  varying  action* 
demonstrate  the  usefulness  of  variational 
formulations  not  qualifying  as  'principles'. 

Thus  motivated,  the  work  herein  explains  the 
numerical  difficulties  encountered  in  attempting 
to  generalize  Bailey's  formulations  according  to 
the  mathod  of  finite  elements. 

Zlenklewlcz  [4]  has  expressed  serious 
reservations  concerning  the  use  of  finite 
elements  In  the  time  domain.  Indeed,  when  the 
functions  involved  are  sufficiently  smooth,  the 
number  of  time  steps  required  to  integrate  a  set 
of  ordinary  differential  equations  may  not  be 
great  and  it  may  require  roughly  as  many  finite 
elements  to  produce  a  solution  of  comparable 
accuracy.  In  view  of  the  increased  storage 
required,  the  uaa  of  time-finite  element*  to 
solve  such  systems  is  questionable.  There  are 
many  other  cases,  however,  in  which  conventional 
algorithms  for  step-by-step  integration  may  call 
far  a  vary  large  number  of  time  atepa.  This  is 
especially  true  when  dealing  with  the 
(hyperbolic)  equations  of  structural  dynamics 
should  the  excitation  and/or  material  properties 
change  rapidly  in  time.  A  physically  based 
vartationai  method,  with  it*  inherent  stability 
and  physical  origin,  may  lower  the  computational 
effort  considerably. 

The  many  solutions  achieved  by  C.  Halley 
were  generated  by  the  Ritz  method  (31  using  a 
power  aortas  approximation  in  which  globally 
defined  polynomials  are  the  basis  functions. 
Ultimately  the  length  of  Interval  over  which 
solulions  may  be  generated  as  well  as  the  detail 
to  be  provided  in  any  subinterval  will  he 
limited  by  Lite  degree  of  polynomial  used  as  a 
basis.  The  pitfalls  of  using  higher  powered 
polynomials  are  wall  documented  i6]  and 
partially  account  for  the  use  of  locally 
(piecewise)  defined  haste  functions  (finite 
elements)  to  solve  problems  in  many  branches  of 
mathematical  physics.  The  extraordinary 
accuracy  and  simplicity  of  procedure  attained  by 
bailey,  however,  are  not  to  be  understated. 

Apart  from  avoiding  the  problems  which  can 
arise  when  higher  powered  polynomials  are 
employed  as  basis  functions,  finite  element 
formulations  have  other  advantages  when  used  to 


solve  problems  in  continuum  mechanics.  Even 
though  the  principal  motivation  for  their  use 
has  been  the  need  to  handle  complicated  boundary 
shapes  (non-existent  in  the  time  domain)  time- 
finite  elements  are  also  well  suited  to  handle 
sudden  changes  in  load  functions,  extending  the 
interval  of  solution  indefinitely  without 
restart,  and  providing  great  detail  to  the  solu¬ 
tion  in  any  subinterval.  Two  examples  which 
exploit  the  advantages  afforded  by  the  finite- 
element  discretization  of  time  are  given  In 
Section  5. 

Since  1977,  several  Investigators  have  pub¬ 
lications  dealing  with  the  use  of  finite  elements 
to  modify  or  replace  conventional  integration 
methods.  Hughes  and  Liu  [7],  and  Belytschko  and 
Mullen  [8]  are  notable  examples.  One  also  notes 
the  work  of  Serbln,  Dougalis,  and  Gunzberger  who 
have  recently  begun  a  computational  and  theoreti¬ 
cal  study  of  finite  element  methods  for  hyperbo¬ 
lic  equations  [9] .  Thus  despite  the  reservations 
expressed  by  Zlenklewlcz,  the  extension  of  the 
finite  element  method  to  the  solution  of  tran¬ 
sient  field  problems  is  well  motivated  and  was 
first  reported  by  Argyrls  and  Sharpf  (10),  later 
by  Fried  [11],  and  moat  recently  by  Baruch  and 
Riff  [12,13].  All  of  these  works  attempt  to  use 
Hamilton's  principle  as  a  starting  point  for  the 
finite  element  formulation  of  initial  value  prob¬ 
lems,  As  will  be  pointed  out  in  the  following 
section,  this  cannot  be  accomplished  without  some 
logical  inconsistency  when  bringing  the  initial 
data  into  the  formulation.  In  the  sequel  it  will 
be  shown  thst  the  uee  of  Hamilton's  'law',  rather 
than  Hamilton's  'principle',  makes  possible  the 
logical  incorporation  of  the  initial  conditions 
into  the  variational  formulation. 

2.  HAMILTON'S  PRINCIPLE  - 

A  CONSTRAINED  VARIATIONAL  PRINCIPLE 

The  following  equation  is  known  as  the 
generalized  principle  of  d'Alembert  [14]i 
N 

I  (FrPi)-«rt  •  o  t  (  )  -  a/at  (i) 

i-1  •  * 

This  aquation  applies  to  spy  system  of 
N-particles,  the  1th  particle  having  a  position 
XI  i  a  momentum  Jfl»  4,ul  subject  to  a  resultant 
applied  force  Ft. 

Coder  the  assumption  thst  the  virtual  work 
of  the  applied  forces  is  derivable  from  a  scalar 
V,  a  time  integration  of  equation  (1)  leads  to 
Hamilton'e  law  of  varying  action  [13,16] t 

12  N  .  tj 

6/  (T-V)dt  -  l  miri»&rt]  •  0  (2a) 

tl  i«l  *  *  tj 

T  is  the  kinetic  energy  of  the  system 

N  .  . 

T  •  1/2  l  mtrt»rt 
i-l  *  * 
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and  V  is  the  potential  energy  of  the  forces 
impressed  on  the  tt-particles.  The  existence  of 
V  makes  little  difference  as  far  as  numerical 
calculations  are  concerned.  In  the  event  V  does 
not  exist,  equation  (2a)  can  be  written: 

tj  N  .  t2 

/  (6T+4W)dt  -  l  m^ri  •  Srj]  ■  0  (2b) 
ty  i-1  -  '  t! 

The  bar  signifies  that  in  general  the  virtual 
work  of  the  applied  forces  cannot  be  derived 
from  any  scalar  function  of  the  generalised 
coordinates.  Either  of  equations  (2)  can  be 
used  as  a  basis  for  a  Rita  approximation  to  a 
dynamics  problem. 

If  the  rj  are  constrained  to  take  on 
specified  values  at  tj  and  t2,  then  Sji(ti)  and 
6ri( t2)  vanish  in  equatton  (2a)  and  the  result 
is  Hamilton’s  principle: 

t2 

if  (T-V)dt  -  0  (3) 

tl 

Since  the  vanishing  of  the  displacement 
variations  at  the  end  points  is  not  the  only 
means  by  which  the  partial  sum  in  equation  (2a) 
may  vanish,  equation  (3)  may  not  always  repre¬ 
sent  Hamilton's  principle  in  the  strict  sense. 
Should  equation  (3)  be  used  as  a  basis  for  the 
numerical  solution  of  a  dynamics  problem  without 
the  requirement  that  all  of  the  ijy  vanish  at  tj 
or  t2,  zero  momentum  conditions  will  prevail 
Instead  as  natural  boundary  conditions  on  those 
displacements  whose  variations  are  free.  This 
aspect  of  varlstlonal  principles  is  coverad  very 
clearly  in  many  references  (cf.  ref.  (17)).  An 
observation  to  be  made  here  is  that  equation  (3) 
corresponds  to  a  system  of  boundary  value  prob¬ 
lems  -  not  initial  valua  problems  -  since  the 
partial  sum  can  only  vanish  through  boundary 
(endpoint)  constraints  althsr  natural  or 
Imposed.  Thus  equation  (3)  cannot,  with  com¬ 
plete  logic,  be  used  to  formulate  any  system  of 
Initial  value  problems  of  dynamics.  The  Intro- 
duet  ton  of  Initial  data  has  In  fact  always  bten 
the  obstacle  preventing  the  use  of  Hamilton's 
principle  for  the  variational  formulation  of 
Initial  value  problems  (18,19) . 

Since  equatton  (3)  Is  a  valid  physical 
statement  of  mechanics  only  whan  the  boundary 
constraints  are  such  that  the  partial  aum 
vanlshea,  It  la  proper  to  refer  to  this  aquation 
as  a  'constrained  variational  principle*  as 
opposed  to  equations  (2)  which  art  unconstrained 
variational  laws  of  mechanics,  suitable  for  the 
application  of  arbitrary  constraint  conditions. 

3.  (iLOHAli  AND  PIECEWISE  KITE  APPROXIMATIONS 

Equations  (2)  and  (1)  differ  only  in  tha 
presence  or  absence  of  boundary  terms.  Per  the 
ease  of  a  single  particle  (N*l)  Having  only  one 
degree  of  freedom  u(t),  the  Rita  procedure  when 


applied  to  either  of  equations  (2)  leads  to  a 
scalar  relation  of  the  form: 

6Ut[(K-B)U-F]  =*  0  (4) 

whereas  for  equatton  (3) : 

6UTtfCU-F]  -  0  (5) 

As  yet,  none  of  the  Ut  are  specified  so  that  all 
of  the  6Ui  are  arbitrary  quantities.  Equations 

(4)  and  (5)  result  from  the  Rita  procedure 
whereby  the  displacement  function  u(t)  Is 
approximated  as: 

u(t)  «  aT(t)U  (6) 

The  relation  (6)  applies  to  the  entire  interval 
of  solution  when  globally  defined  basis  func¬ 
tions  are  used  or  to  a  particular  subinterval 
thereof  when  piecewise  functions  (finite  ele¬ 
ments)  are  employed.  When  a  global  power  series 
approximation  is  used  U  is  a  vector  of  general¬ 
ized  coordinates,  the  first  two  of  which  are 
identifiable  as  u(t})  and  u( t|) .  The  'shape 
function',  a(t),  in  this  case  Is  simply: 

aT(t)  »  )l,t,t2,...,tn]  ,  tj  <  t  <  t2  (7) 

If  piecewise  cubic  Hermits  polynomials  are  used 
Instead,  the  components  of  U  are  local  values  of 
u  and  it  defined  at  the  endpoints  of  a  particular 
subinterval,  and 

aT(t)  ■  )2t3-3t*H,  h(r3-2r2+t), 

m 

3i*-2t3,  h(t3-t2)|  (8) 

whera  t  ■  t/h,  h  being  the  length  of  the  partic¬ 
ular  sublntarval.  Rafarrtng  flrat  to  equation 

(5) ,  It  ie  noted  that  j(  should  tend  In  the  limit 
to  be  singular  of  degeneracy  one  If  the  system 
is  serai -definite  and  nonalngular  for  positive- 
definite  systems.  For  example,  the  degeneracy 
of  JC  for  the  eimpleet  seml-deflnlte  system 

represents  tha  poaalblllty  that  neither 
u(t|)  or  u(t2>  has  baen  specified.  That  Is,  If 
neither  4u(tj)  or  4u(t2>  vanlshea,  then  mu  must 
vanish  at  both  endpoints  as  natural  boundary 
conditions.  Under  these  conditions  u(l)  may 
only  be  determined  to  within  an  arbitrary  con¬ 
stant.  Thus  in  aquation  (5)  g,  if  singular,  may 
only  be  reduced  to  a  nonsingular  matrix  by  spec¬ 
ifying  values  for  u(t|)  and/or  u(t2)  so  that  tha 
variations  of  ons  or  both  of  these  quantities 
vanish.  As  ws  are  only  Interested  In  Initial 
value  problems,  the  essence  of  the  discussion 
which  follows  is  not  changed  If,  tt  Is  hence¬ 
forth  assumed  that  u(t()  has  been  specified. 

This  la  known  as  a  'geometric*  or  'Imposed*  con¬ 
straint.  because  4Uj  e  4u(tj>  »  f)  multiplies 
tha  first  row  of  tt  In  aquation  (3),  this  row  is 
effectively  removed  from  the  .ormulatton.  Since 
the  remaining  variations  are  arbitrary  the  final 
set  of  equations  to  be  solved  la  then: 
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n 

KyUj  »  Ft  -  Kii«i  ,  i  “  2,3. ..n  (9) 

where  »  u(ti)  is  the  specified  value  and  a  x 
n  is  the  dimension  of  K.  Whether  these  equa¬ 
tions  derive  from  a  global  power  series  approxi¬ 
mation  or  from  one  based  on  finite  elements,  one 
may  readily  verify  that  as  n  is  increased  their 
solutions  do  indeed  converge  to  the  exact  solu¬ 
tion  of  the  corresponding  two  point  time- 
boundary  value  problem.  That  is,  when  uft2)  is 
also  specified  and  the  corresponding  5U  quantity 
set  to  zero,  equation  (9)  converges  to  the 
proper  solution.  Should  one  wish  a  solution  to 
an  initial  value  problem,  however,  equation  (4) 
must  be  used  instead  of  equation  (5).  Xn  this 
case,  specifying  values  for  u(t})  and  u(tj) 
cause  6Ui  and  6U2  to  vanish  thereby  deleting  the 
first  two  equations  of  this  set.  The  resulting 
system  of  equations  to  be  solved  Is  thus: 


1  (Kij-Bij)Uj  -  Fi  -  (KirBu'Ur(K12-Bi2>U2  , 
j-3 

1  *  3,4, ...,n  (10) 


affects  many  rows  of  1C.  When  locally  defined 
Hermite  polynomials  are  used,  however,  B  is  very 
sparse  and  in  fact  contains  only  two  non-zero 
components.  Moreover,  one  of  these  appears  in 
the  first  row  of  B  which  is  deleted  when  u(ti) 
is  specified.  In  this  case  freeing  the  natural 
boundary  condition  and  introducing  a  degeneracy 
depends  on  the  subtraction  from  a  single  compo¬ 
nent  of  K.  Even  though  both  effects  may  actu¬ 
ally  be  produced  in  the  limit  as  the  number  of 
elements  becomes  infinite,  the  degree  to  which 
they  are  approximated  for  any  finite  number  of 
elements  is  evidently  insufficient  and  the  solu¬ 
tions  do  not  converge  to  the  correct  result. 

This  is  exemplified  in  Figure  1.  The  problem 
represented  is  that  of  a  free  oscillator  of 
unit  mass  and  stiffness  (a  positive-definite 
system),  subject  to  the  prescribed  initial 
constraints  of  zero  displacement  and  unit 
velocity.  For  this  case,  equation  (2a)  readst 

/  (udu-udu)dt  -  u3u|  •  0  (U) 

0  0 

or  simply, 

/  (u+u)<Sudt  •  0  *  (12) 

0 


In  all  cases  attempted  to  date,  solutions  to 
equations  UO)  have  been  observed  to  converge  to 
the  exact  solution  if  these  equations  are 
derived  using  a  global  power  series  approxima¬ 
tion  but  not  if  they  are  formulated  by  finite 
elements.  An  example  of  this  anomaly  will  be 
given  in  the  next  section.  As  the  only  differ¬ 
ence  between  equations  (4)  and  (5)  it  a  subtrac¬ 
tion  of  |  in  tha  former,  and  in  as  much  as  con¬ 
vergence'  lc.  achieved  when  equation  (4)  derives 
from  a  power  series  approximation,  ona  suspects 
that  It  t8  the  finite  element  representation  of 
the  matrtx  g  which  la  somehow  at  fault.  It  la 
therefore  of  interest  to  know  in  more  detail 
juat  how  the  subtraction  of  |  la  aupposed  to 
affect  tha  coafficlant  matrix  of  the  system. 

In  contrast  to  the  matrix  £,  tha  matrix  K-B 
must  tand  to  ba  singular  of  degansraey  two  -  no 
constraints  having  been  assumed  a  priori.  Thus 
when  u(t|)  is  specified  and  the  first  row  of  K-B 
la  daiattd,  tha  retaining  equations  still  must  ' 
possess  ona  degeneracy  In  the  limit  as  tha 
number  of  basis  functions  becomes  infinite. 

Thus  the  offset  of  eubtractlng  g  must  be  to  free 
the  natural  boundary  condition  at  tj  (Inherent 
in  equation  ()))  and  to  introduce  a  degeneracy. 
This  remaining  degeneracy  can  only  bo  removed  by 
specifying  the  value  of  u(t)  at  a  time  other 
then  t|  or  a  valua  for  u,  resulting  In  the 

deletion  of  another  row  of  K-B, 

**  • 

4.  ANOMALOUS  BEHAVIOR  OF  FINITE  ELEMENT 
FORMULATIONS 

The  degree  to  which  the  subtraction  of  the 
matrix  £  from  K  can  both  free  the  natural  bound¬ 
ary  condition  at  tj  and  introduce  a  degeneracy 
dlffara  with  tha  type  of  approximation  employed. 
When  global  power  aeries  approximations  art  used 
the  H  matrix  la  quite  full  and  the  subtraction 


The  finite  element  results  of  Figure  1  were 
obtained  using  piecewise  cubic  Hermite  poly¬ 
nomials.  (Higher  ordered  Hermite  polynomials 
yield  similar  results.)  It  la  observed  that  the 
solutions  tend  to  diminish  from  the  exact  solu¬ 
tion,  sin(t),  at  the  number  of  elements  is 
increased.  Using  only  two  finite  elements  the 
finite  element  matrix  formulation  (aquation  (4)) 
for  this  problem  la  as  follows* 


Fig.  I  -  Divergent  finite  element  solutions  to 
free  oaeilldtor  problem 

*Note  thatKq .  (i^  would  also  result  from 
application  of  the  Calerkln  procedure,  implying 
that  the  Qalerkin  method  has  uome  physical 
Justification  for  problems  in  dynamics. 
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Using  expression  (8),  the  element  matrix  V  is 
calculated  in  terms  of  the  element  length  h  as: 


(13) 


9h  6  13h2  1 

—  -  —  — —  +  ~ 

70  Sh  420  10 


13h*  1  h3  h 
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Since  Ui  U  specified  the  first  row  of  £  -  |  is 
deleted.  As  the  subtraction  of  £  only  effects 
one  row  of  the  reduced  system,  the  only  way  in 
which  e  degeneracy  een  be  Introduced  ii  for  the 
next  to  last  row  to  Join  the  apace  defined  by 
the  rows  remaining.  Thus  rows  two  through  six 
in  equation  (13)  Ideally  would  become  linearly 
dependant.  Ibis  dependency  among  rows  must  be 
quite  general  as  specification  of  any  other  of 
the  Ui  must  remove  it. 

One  suspects  that  a  simple  subtraction  of 
unity  from  fcjg  In  aquation  (13)  may  not  do  the 
best  Job  of  introducing  a  degeneracy  or  of 
freeing  the  natural  boundary  condition  at  tj  ■ 

«.  One  can  gain  coma  idea  of  how  'dost'  this 
subtraction  bring*  the  fifth  raw  into  the  space 
of  rows  2,3,4  and  A  by  coaparing  It  with  Its 
projection  onto  this  space,  Substituting  »/2 
for  h,  the  fifth  row  of  equation  (13)  calculous 
to  bat 

(0.0  0.0  -0.96590326  -0.i7t.J7M 

0.140503097  *0.9)0735175) 

whereas  Us  projection  let 

1 7.6567 14)K*3  -4.39789794-3  -0. 974496133 

-0.14*380835  0.172642473  -0.96174340) 
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Further  calculations  show  that  if  the  Interval 
of  solution  remain*  fixed  and  the  number  of 
finite  element*  la  allowed  to  lncreaae,  closer 
agreement  between  the  next  to  laat  row  vector 
end  lta  projection  la  observed  but  this  la  not 
accompanied  by  a  convergence  of  the  solution 
victor  toward  the  exact  solution  to  the  problem. 
While  the  exact  reasons  for  this  instability  ara 
not  known  It  la  apparent  that  tha  rata  at  which 
the  next  to  last  row  tends  to  become  dependent 
la  Important.  It  stands  to  reason,  therefore, 
that  should  one  Invoke  the  limit  condition 
without  actually  proceeding  to  tha  limit,  a 
convergent  sequence  may  result  and  Indeed  this 
proves  to  ba  tha  '.ass. 

Assarting  that  the  row  vectors  two  through 
six  ar#  linearly  dependent  allows  the  fifth  row 
(equation)  of  equations  (13)  to  be  replaced  by  a 
linear  combination  of  the  others.  For  example, 
let 

*1  *  *2*2  +  *3*3  *  *4*4  +  *6*6  <  14) 

s*  a*  *  s*  u 

where  J}t  denotes  tha  llh  row  of  £  -  8.  After 
Imposing  the  second  initial  constraint,  Uj.  ■  l, 
equations  (13)  can  ba  written* 

dUjkj  •  U  ♦  AUgkg  •  U  +  JU$( 0242*0343+0444*06*6) 

m  +  m  <*  <•  «a  *  <• 

•  W  *  61^*6  *  U  «  0  (1$) 

to  to  to 
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Since  all  variations  in  equation  (15)  are 
arbitrary,  there  results  the  following  system  of 
equations  for  solution: 


P.3  •  U  -  R2  •  U  -  R4  •  U  -  Rfi  •  U  (16) 


Thus  the  second  equation  (row)  which  was  origi¬ 
nally  deleted  through  the  specification  of  U2 » 
is  brought  back  into  the  formulation  in  place  of 
the  fifth  in  a  logical  and  consistent  manner. 
Equations  (16)  are  the  same  set  as  would  result 
from  following  the  procedure  of  Argyris  and 
Scharpf.  These  authors,  however,  started  with 
Hamilton’s  principle  which  requires  that  6Uj  « 
6U5  »  0.  This  would  delete  the  first  and  fifth 
equations  from  the  set.  Further  specification 
of  U2  should  then  delete  the  second  equation  as 
well,  overspecifying  the  problem.  Argyris  and 
Scharpf  [20]  allow  this  equation  to  remain  with¬ 
out  justification.  Moreover,  no  explanation  is 
given  an  to  why  6U5  should  vanish  as  U5  is  never 
specified  in  an  initial  value  problem.  All  of 
these  inconsistencies  derive  from  the  fact  that 
Hamilton's  principle  corresponds  only  to  bound¬ 
ary  value  problems  -  never  to  initial  value 
problems. 


displacement  and  velocity  are  specified.  Fol¬ 
lowing  this  procedure,  convergent  solutions  are 
then  obtained  for  the  problem  of  the  free  oscil¬ 
lator  considered  in  this  section.  These  results 
are  presented  in  Table  1  for  formulations  based 
on  one,  two,  and  six  finite  elements. 


In  summary,  the  work  of  this  section  shows 
that  Hamilton's  law  of  varying  action,  unlike 


Hamilton's  principle,  is  an  unconstrained  varia¬ 


tional  statement  petmitting  the  introduction  of 
arbitrary  constraints  including  data  ordinarily 
given  for  initial  velua  problems.  When  piece- 
wise  Hermits  cubic  polynomials  are  uaed  aa  a 
bast*  for  a  finite  element  formulation,  the 
singular  state  of  the  resulting  coefficient 
matrix  in  the  limit  Justifies  retention  of  the 
second  equation  of  the  system  in  preference  to 
the  next  to  last  when  typical  initial  values  for 


Note  that  the  replacement  of  the  fifth  row 
of  (K-B)  by  a  linear  combination  of  rows  two, 
three,  four,  and  six  in  accordance  with  equation 
(14)  does  not  have  to  be  carried  out  in  practice 
when  seeking  the  solution  to  the  homogeneous 
problem  (F  »  p)  as  this  procedure  Is  entirely 
equivalent  to  replacing  the  fifth  equation  by 
the  second.  This  equivalence,  in  general,  does 
not  apply  to  the  nonhomogeneous  problem  (F  * 
0)however,  since  F2  would  then  replace  F5.  In 
general,  F5  *  0^2  +  ajF3  +  C14F4  +  a&Fg  except 
when  the  original  load  function  f(t)  is  a 
constant.  Nevertheless,  the  replacement  of  the 
next  to  last  equation  by  the  2nd  will  lead  to 
convergent  solutions  in  many  cases.  In  some 
very  important  cases  however,  such  as  when  F2  is 
aero  and  Fn_i  i®  not,  the  procedure  will  fail. 
(For  example  f(t)  might  be  concentrated  at  an 
end  point  of  the  time  interval.)  Thus  to  be 
perfectly  consistent  with  equations  (2)  the 
substitution  of  the  second  row  for  the  next  to 
last  should  be  confined  to  the  matrix  (g-g,!.  In 
this  case  the  at  must  be  determined  and  will 
figure  in  the  final  solution.  Since  the  at  are 
easily  determined  from  the  solution  vecter  to 
the  homogeneous  problem  these  quantities  are 
readily  available.  The  proper  substitution  for 
the  fifth  equation  of  the  nonhomogeneous 
counterpart  of  equation  (13)  ean  1*  shown  to  bo 


82  *  U  ■  (F5-ajF3-a4F4-06-?6)/«2 
In  piece  of  the  original  equation  R>  .  0  »  F5. 


TABLE  1. 


SOLUTIONS  TO  FREE  OSCILLATOR  PROBLEM  (DISPLACEMENT/ VELOCITY) 
0(t(> 


*  ******* " 

m  M  —  'r“  T  1 

■  -  ,  ‘aaeaseeama* 

Exact 

6t/s 

One  Element 

Two  Elements 

Six  Elements 

So Jut inn 

0 

0.0* 

0.0* 

0.0* 

0.0 

1.0* 

1.0* 

1.0* 

1.0 

l 

0.49978005 

0.5 

0.86602547 

0.8660254* 

2. 

0,86564452 

0.86602541 

0.50000025 

0.5 

3 

0.4781/m 

0.99956056 

1.0 

2.02985945E-4 

4.45729 57K-7 

0.0 

4  ■ 

0.86564496 

0.86602541 

-0.49999948 

-0.5 

5 

0.499 78082 3 

0.5 

-0.86602502 

0.86602541 

6 

0.0166090781 

3.484510SH-4 

8.9I20271B-7 

0.0 

-i.ooomu 

-1.00000446 

-0.99999999 

-1.0 

u  a  am  rnMwii  m  u*  uwa 
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5.  APPLICATIONS 


Example  1.  Linear  Oscillator  Subjected  to 
Discontinuous  Forces 

A  linear  oscillator  of  unit  mass  and 
stiffness  Is  subjected  to  a  force  f(t).  TWo 
cases  are  considered: 

(a)  f(t>  -  H(t-l/2) 

(b)  f(t)  -  6<t-0.4) 

H  and  5  are  the  Heaviside  and  Dirac  functions 
respectively  and  for  either  of  these  cases 
equation  (2)  reads: 

t2  .  •  •  t2 

/  {u5u  +  (f(t)-u)6u}dt  -  u5u  |  ■  0 

n  M 

For  case  (a)  four  finite  elements  of  equal 
length  are  used  to  approximate  u(t)  over  the 
solution  interval  (0,2).  The  element  polynomial 
shape  function  is  Hermlte  cubic  and  an  element 
length  of  one  half  takes  advantage  of  the 
specific  shape  of  the  forcing  function.  Table  2 
compares  the  calculated  displacements  and 
velocities  with  those  computed  from  the  exact 
solution. 


TABLE  3.  SOLUTION  TO  u  +  u  -  6(t-0.4) 
0  <  t  <  1 


Computed 

Exact 

t 

Displacement 

Displacement 

0.0 

0.0* 

0.0 

0.1 

0.1* 

0.099833416 

0.2 

0.199001664 

0.19866933 

0.3 

0. 2960 16622 

0.295520213 

0.4 

0.390076343 

0.38941834 

0.5 

0.58007539 

0.57925896 

0.6 

0.76428335 

0.76331182 

0.7 

0.94086118 

0.93973791 

0.8 

1.10804607 

1.10677443 

0.9 

1.26416892 

1.26275246 

1.0 

li40767U2 

1.40611348 

'Imposed  values. 


Example  2.  Response  of  a  Beam  to  a  Moving 

Mass 

A  concentrated  mass  is  assumed  to  move  at 
constant  velocity  v  along  the  length  of  a 
uniform  Euler  beam,  simply  supported  at  each  of 
its  ends  and  having  sero  displacement  and 
velocity  at  t  -  0.  Under  suitable  definitions 
for  k  and  m,  the  representative  equations  may  be 
written  (21) i 


TABLE  2.  SOLUTION  TO  u  +  u  -  HCt-1/2) 
0  <  t  <  2.0 


Computed 

Exact  f 

t 

Displacement 

Velocity 

Displacement 

Velocity 

0.0 

0.0* 

1.0* 

0.0 

1.0 

0.5 

0.47932149 

0.87708716 

0.47942555 

0.877582565 

1.0 

0.96370936 

1.0199163 

0.96388844 

1.01972786 

1.5 

1.45700388 

0.91238744 

1.45719267 

0.91220819 

2.0 

1.83836447 

0.5805616 

1.83856024 

0.58134814 

•Imposed  values , 


yiv  +  gy  +  f(*,t)  •  0 
y<0,t)  •  y"(0,t>  •  y(l,t)  *  y“(t,t) 

•  y(x,o)  •  y(x,o)  •  0  (18) 

the  function  f(x,t)  consists  of  a  sum  of 
Inertial  terms: 

f(*,t)  «  m(y  +  2vy'  +  v^Xtx-v  t)  (19) 

where  g  denotes  the  gravitational  constant  and  T 
is  the  Dirac  function.  This  problem  is  particu¬ 
larly  Interesting  in  thet  the  conventional  use 
of  piecewise  cubic  shape  functions  to  dtecretise 
the  space  variable  only,  introduces  forces  which 
are  discontinuous  functions  of  time  into  the 
resulting  ordinary  differential  equations. 


In  caea  (b)  a  discontinuity  in  velocity  can 
ba  axpectad  in  tha  solution.  As  the  use  of 
cubic  shape  functions  enforces  continuity  of 
velocity  throughout,  a  better  solution  might  be 
expected  whan  linear  shape  functions  ere 
employed.  Table  I  comperes  tha  exact  solution 
on  the  interval  (0,1)  with  that  obtained  using 
ten  such  elements  of  equal  length. 

The  two  problems  considered  In  this  example 
demonstrate  the  mannar  in  which  the  type  of 
element  and  Its  points  of  attachment  (i.a.,  the 
'nodes'  or  'grid  points')  msy  be  varied  to  eutt 
specified  transient  events. 


4b 


These  discontinuities  are  associated  with  the 
beam  curvature  load  term  appearing  in  the 
expression  (19).  Since  the  piecewise  cubic 
polynomials  are  discontinuous  in  the  second 
derivative  at  the  element  attachments,  the  terra 
rav^y"6(x-vt)  -  when  multiplied  by  the  shape 
function  a(x)  and  integrated  over  the  element 
length  -  will  produce  functions  of  time  which 
are  discontinuous  whenever  the  moving  mass 
arrives  at  any  point  of  attachment.  Clearly 
these  discontinuities  have  nothing  to  do  with 
the  physics  of  the  problem  and  are  certain  to 
invite  trouble  when  one  attempts  to  numerically 
integrate  the  time  dependent  equations  via 
established  algorithms.  It  is  possible,  of 
course,  to  use  shape  functions  of  higher  degree 
to  discretize  the  space  variable  thus  elioinat- 
lng  the  discontinuities  at  the  onset  but  this  is 
hardly  consistent  with  the  finite  element  method 
which  should  permit  the  use  of  even  linear  shape 
functions  if  need  be.  One  is  tempted  to  somehow 
'smooth'  these  discontinuities,  yet  this  should 
not  be  done  in  a  purely  arbitrary  fashion. 
Integrating  the  effects  of  these  forces  through¬ 
out  the  time  domain  through  the  use  of 
Hamilton's  law  of  varying  action  provide#  a 
consistent  way  to  handle  this  problem. 

While  it  is  possible  to  handle  the  apace 
and  time  finite  element  discretizations  in  one 
operation,  the  amount  of  computation  and 
computer  programming  tend  to  become  inordinately 
large.  J4oreover,  there  exist  any  number  of 
finite  element  codas  (e.g,  HAS TRAN)  which  can 
quickly  accomplish  much  of  tha  apace 
discretization.  It  sterna  more  efficient, 
therefore,  to  apply  the  finite  element  method  in 
two  steps,  by  first  dltcretlslng  the  space 
variable  and  then  applying  Hamilton's  law  to  the 
resulting  system  of  ordinary  differential 
equations  in  time.  For  the  eeee  at  hand,  the 
differential  equations  governing  the  motion  of 
the  lib  beam  element  turn  out  to  but 

»  »»  e  j 

(p  +  mci)u  *■  megu  ♦ 

'as  as  a*  as  as 

•  (20) 
(q  +  aejju  +  «ga(vt)«  0 

*  as  as  as  m 

g  and  t^sre  proportional  to  the  usual  mats  and 
stiffness  matrices  for  beam  elements  and  have 
been  evaluated  many  times  In  the  literature. 

Here  all  of  the  beam  elements  are  of  the  seme 
length  t,  and  the  displacement  within  the  lib 
element  is  Interpolated  from  qMt) ,  e  vector  of 
end  point  displacement*  and  velocities,  1.#., 

y(x,t)  «  a*((l)uMt) 

«*  » 

0  C1  *  i 

where  5 Ms)  *  x/t  <i-l),  a  oondlmensionai 
element  coordinate. 

The  ^  matrices  in  equations  (20)  correspond 
to  transverse,  Coriolis,  end  centrifugal 
accelerations  respectively  and  are  (knitted  for 
the  fib  element  ee  follower 


cj  «  a(  5i)  aT(£i)  |x»vt 

c2  -  2vaUi)a'~(C*>|x„vt  (22) 

C3  »  via(51)a"T^5i)  lx»vt 

It  is  noted  that  03  will  be  discontinuous  av  t* 

*  0  and  £*  *  1.  The  function  m  tabes  on  the 
value  of  ra  only  when  the  concentrated  mass  Hep 
within  the  1th  element,  otherwise  5  ia  zero. 

The  element  equations  (20)  are  combined  in 
the  usual  way  to  form  N  equations  of  motion  for 
the  combined  structure.  Symbolically: 

M(t)U  +  C(t)U  +  K(t)U  -  F(t)  (23) 

Each  of  the  matrices  in  equation  (23)  can  be 
viewed  as  a  conventional  matrix  of  constant 
coefficients  plus  a  time  variant  set  of 
components  which  are  active  in  a  band  along  Its 
main  diagonal  as  the  moving  mass  traveraea  the 
beam  in  time.  For  this  system  of  equations 
Hamilton's  law  of  varying  action  con  be  written: 

!  5  l/t2<*HHijUj  +  W1((HiJ-CiJ)0j-KijUj  + 

i«l  J-l  tj 

,  tj 

FilJdt  -  iOiMijUjl  }-0  (2d) 

M 

It  Is  interest lna  to  observe  the  accuracy 
of  solution  which  can  be  obtained  from  eqi>«tlsr, 
(24)  using  only  two  finite  elements  in  space  and 
two  in  time,  *  fomulation  using  two  elements 
In  space  results  In  a  system  of  ordinary 
dlffarantlal  aquations  in  ttma  ones  tha  geomet¬ 
ric  support  constraints  hava  been  applied,  A 
two  element  formulation  of  then#  four  aquations 
for  tha  time  domain,  followed  by  tha  application 
of  all  Initial  constraints  in  tha  manner  summar¬ 
ised  in  Section  4,  gives  a  final  aystsm  of  »lx- 
taan  linear  algebraic  aquations  for  solution. 
Figure  2  compares  this  solution  with  tha  experi¬ 
mental  results  of  tyre,  Jacobsen,  and  Hsu  (22) 
ami  a  conventional  finite  element  solution  using 
three  elements  In  tha  space  domain  followed  by  a 
time -integration  of  tha  equations  (29)  by 
Hamming's  predictor-corrector  algorithm  (23), 

The  mas*  velocity  in  this  case  la  v  ■  v*/2, 
where  v*  ia  the  lowest  velocity  to  cause  reso¬ 
nance  when  the  load  Is  a  moving  weight  only  and 
the  magnitude,  assigned  to  the  moving  mass  la  232 
of  tha  total  mass  of  the  beam,  (Other  param¬ 
etric  values  ar*  the  asms  a*  those  In  reference 
(22),)  The  displacement*  have  been  norms 1 lied 
with  respect  to  the  maximum  deflection  produced 
If  the  weight  sue  applied  statically  at  mldapan 
and  L  is  the  total  beam  length.  In  particular 
one  notes  that  the  conventional  solution 
obtained  via  three  finite  elements  in  apace 
only,  produces  non-physical  discontinuities  in 
the  slope  of  the  solution  curve  at  vt/i  «  1/3, 
2/3,  (The  continuous  data  for  generating  this 
curve  la  obtained  by  interpolating  tha  solution 
to  equation  (23)  using  equation  (21).)  the*# 
discontinuities  cause  groatiy  increased  compa¬ 


ct) 


6 


tstional  effort  for  conventional  Integration 
algorithms  but  not  when  finite  elements  in  space 
and  time  are  employed.  Improved  agreement  with 
the  experimental  results  is  al3o  observed. 


Pig.  2  -  Displacement  of  beam  at  location  of 
moving  mass 
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A  Procedure  for  Designing  Overdaaped  Lumped  Paraaeter  Systess 
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The  concept  of  overdaaping  ooaaon  to  a  single  degree  of  freedoa 
daaped  linear  system  is  extended  to  multidegree  of  freedoa  damped  linear 
systems.  Inequalities  involving  the  mass,  damping  and  stiffness 
paraaeters  are  derived  to  fora  a  system  with  a  free  response  which  is 
overdaaped  in  esch  node.  A  general  aethod  for  designing  systems  to  be 
overdaaped  in  each  node  it  indicated.  The  method  is  applied  to  a  four 
degree  of  freedoa  model  of  a  Darrieus  wind  turbine  and  a  design  solution 
for  overdaaping  ia  presented. 


Introduction 

It  is  often  desired  to  liait  the 
oscillation  in  aechanioal  systems  by  using  the 
effects  of  viscous  damping.  In  a  linear  one 
degree  of  freedoa  spring,  mast  tad  dashpot 
arrangement,  the  selection  of  the  proper  valnes 
of  aass  stiffness  tnd  damping  constants  to 
produce  an  overdaaped  or  critically  damped 
system  it  trivial.  The  solution  of  a  constant 
coeffloient  second  order  ordinary  differential 
equation  thowa  that  if  e  1  2  ak,  where  m»  c  and 
k  are  the  matt,  damping  and  stiffness 
coefficients  respectively,  then  the  system  will 
not  oaoillate.  The  work  presented  here  yields 
tlmiiar  inequalities  for  nonoscillation  of 
multiple  degree  of  freedoa  tytteat. 

The  systems  considered  here  arc  those  that 
can  be  modeled  by  the  matrix  differential 
equation 

Mx(t)  ♦  Cx(t)  +  Kx(t)  >  0  (1) 

where  x(t>  it  an  a-dimensioasl  vector  of 
diaplecenents  and  M,  C  and  K  are  nan  symmetric 
aatrices  containing  the  physical  parameters  of 
mats,  damping  and  stiffness  constants.  St  it 
further  assumed  that  N  and  X  are  positive 
definite  and  that  C  it  at  least  positive 
temidaf inite,  The  design  procedure  presented 
here  takes  advantage  of  newly  derived  matrix 
conditions  (1)  to  generate  non-linear  algebraic 
inequalities  la  the  physical  parameters  of  the 
system.  When  the  parameters  are  chosen  to 
satisfy  these  Inequalities,  the  resulting 


transient  response  will  be  overdsmped  in  each 
mode.  The  inequalities  are  stated  directly  ia 
terms  of  the  mats,  damping  and  stiffness 
constants  of  the  system. 

The  exact  relations  for  overdampiag  are 
derived  fox  a  two  degree  of  freedom  system.  Once 
the  design  criterion  it  satisfied  the  results 
are  aaed  to  calculate  the  eigeavatuea  of  the 
system  to  illustrate  that  the  designed  system  is 
la  fact  overdaaped  in  each  mode,  The  design  of 
a  specific  four  degree  of  freedom  model  of  a 
drivstrain  it  alao  given  to  Illustrate  the  prob¬ 
lems  encountered  ia  more  practical  design  situa¬ 
tions.  The  generalisation  to  n  degrees  of 
freedom  is  obvious  from  these  examples. 

lacharound 

In  (I)  it  is  shown  thst  if,  in  addition  to 
the  restrictions  listed  above,  the  matrices  N,  C 
and  K  are  each  that  the  matrix 

H“I/4  011*1/1  ,  2(|f  m(“l/l)l/l 


ia  positive  definite  then  ail  of  the  eigenvalues 
of  (1)  will  be  negative  real  numbers  and  each 
mode  of  (1)  will  be  overdsmped,  Biaee  N  is 
symmetric  and  positive  definite,  it  possesses  a 
unique  positive  definite  square  root,  M*'a, 
inverse  if1'*.  Using  the  transformation 

x  •  If m  y. 


with 


equation  (II  ia  reduced  to 
y /♦  Ay  ♦  By  «  0  (J) 
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where  A  »  >f 1/2 CJT1/2  end  B  ■=  if  1/2KJf 1/2.  The 
condition  for  overdanping  in  esch  mode  for  (2) 
become*  that  the  matrix  A-2B1'2  must  be  poaitive 
definite.  Since  the  square  root  of  a  matrix  is, 
in  general,  harder  to  compute  than  the  square  of 
a  matrix,  it  is  tempting  to  use  the  matrix  A*-4B 
in  design  worn.  Fortunately,  it  has  been  shown 
13]  that. if  A*-4B  i*  poaitive  definite,  then  so 
is  A-2B1  .  Thus,  requiring  the  matrix  A*-4B  to 
be  positive  definite  insures  that  each  mode  of 
(2)  will  be  decaying  non-oscillating 
(overdamped)  function  of  time. 

If  it  is  desired  to  make  the  solution  of 
(2)  overdamped  in  each  mode  for  arbitrary  ini¬ 
tial  conditions,  then  it  suffices  to  choose  the 
phyrical  constants  m^,  oi  and  k^  so  that  A*-4B 
is  positive  definite. 


I  P«m  a±  txsa&SM 


To  illustrate  the  above  ideas  consider  the 
two  mass  arrangement  in  Fig,  1.  The  appropriate 
matrices  for  the  equation*  of  motion  are: 


M 


’cj+Oj  -S2* 
-~®2  e2« 


and  K 


’k1+k2  -k2" 

-  "k2  k2- 


(A»-4B)22 


It  is  desired  to  ohoose  m^,  c,  and  k,  so  that 
the  matrix  A*-4B  is  positive  definite.  A 
necessary  and  sufficient  condition  for  a  matrix 
D  to  be  positive  definite  is  for  each  of  its 
leading  principal  minors  to  be  positive.  In 
particular,  a  real  2x2  Beatrix  D  is  positive 
definite  if  and  only  if 

Du  >  0 

and 

D11D22  ~  b12D21  >  °’ 

Applying  these  inequalities  to  (A*-4B)  yields 


(ci+c2)  o2»  kj+kj 


-1* 

*1*3 

T  . 

*1 

(Cj+Ojj)* 

e2» 

k1+k 

A  "  4 

— - - +  -  4  — 

*1*  “l"!  *1 


(3) 


(Ci+Cn)*  o«*  k, 

--L-2-.  ♦  _L  -  4  J.  > 

1  Vj* 

'*1*2  ^  ’  -1  ‘*3 


If  the  parameters  m,,  c,  and  k.  are  now  chosen 
to  satisfy  (3)  (along  with  tha  physical 
constraint*  that  ai>  et  and  k4  arc  all  pos itivc) 
then  (1)  will  he  overdamped  in  each  mod*  and 
will  not  oaolllat*  when  perturbed  from 
equilibrium.  In  total  the  six  parameters  must 
satisfy  eight  inequalities  (),(], 


Fig.  1  Two  degree  of  freedom  system. 
The  matrix  M“^2  isi 


*3//5|  0  "j 

.  0  l//ijJ 


Denoting  the  i~jtk  element  of  a  generic  matrix  A 
fay  Agj  sad  terming  the  matrix  .'.’-41  yield* 


(A*-4i>u 


(ei*e2>*  Oj*  kl+kj 

♦  — —  »  4  — — * 
V  *1*3  *1 


-eje2“e2* 


Oj» 


The  approach  taken  her*  was  to  simply  fix 
the  vain**  of  m2  and  and  ehoose  value*  of  o, 
to  satisfy  (3).  For  example  the  value* 


mx  -  1  mj  *  1 

oj  *  4  ca  -  5 

k2  -  1  kj  -  2 

satisfy  (3).  Ia  order  to  verify  that  this  set 
of  values  implies  overdanping,  w*  solve  tha 
eigenvalue  problem  using  these  parameter*.  This 
yields  ths  characteristic  polyaomisl 


k«  ♦  13k*  ♦  34k*  ♦  13k  +  3  -  0. 
with  eigenvalues 


k2  -  -0.3#d3 


-  (A»“4Wai  k2  -  -0.3333 
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x3  -  -1.2941 


X4  »  -10.9074 

That,  the  design  procedure  yield*  tn  overdanped 
response,  sinoe  each  eigenvslne  is  s  negative 
real  nsaber. 

EfiliiS  Application 

The  prooess  described  here  najr  be  useful  in 
enhancing  the  survivability  of  certain 
structures  by  designing  then  to  have  an 
overdanped  free  response.  In  order  to 
illustrate  this  in  a  design  context,  we  consider 
the  drive  train  of  a  Darrieus  wind  turbine.  A 
model,  excluding  daaping,  of  the  DOE/Sandia,  60 
KV,  vertical  axis  wind  turbine  and  drive  train 
is  provided  by  Rueter  [7-8]  and  is  reproduced 
her*  with  the  addition  of  daaping  (see  Figure 
2).  The  nuaorical  value*  for  inertia  and 
stiffness  are  listed  in  the  appendix  along  with 
the  definition  of  each  paraaeter, 

In  order  to  produce  a  C  Matrix  which  would 
allow  inequalities  similar  to  (3)  to  be 
foraulated,  sea*  mechanism  must  be  available  for 
adding  daaping  to  the  systea.  For  non- 
rotational  systems  this  nay  be  accomplished  by 
use  of  shock  absorbers  or  linear  actuator*.  For 
rotational  systeas,  devioes  such  as  Boudaille 
daapers  may  be  useful.  Figure  2  indicates  the 
addition  of  such  dampers  to  an  existing  system 
(i.e.,  °jt«°2'e3'0 5  *ad 


E  - 


Cj  -Cj  0  0 

-Cj  Cj+Cj  -c2  0 

0  “c2  °2+03  "°3 

.  0  0  “®3  °3+d4. 

‘  k,  -k,  0 

0 

-kl  kl+k2  ~k2 

0 

o  -k2  k2+k3 

'k4nla2 

.  0  0  “k4nln2 

k4  - 

where  the  I,  are  the  various  value*  of  Inertia, 
the  Cj  are  added  daaping  constants.  d4  is  the 
damping  constant  due  to  the  induction  generator, 
kj  and  k2  are  shaft  stiffness  constants  and  k. 
and  k4  are  stiffness  constants  associated  with 
the  transaission  and  pulley  systea.  The 
transmission  ha*  a  gear  ratio  n^  and  the  timing 
belt  has  a  ratio  of  n2.  Forming  the  aatrix 
A»-4B  yields: 

(cj.+cj)*  c2»  kj 

<a»-4b)u  -  4^-  *tj;- 


(A»-4B)u-(A»-4B)21« 


c2(oj+Oj)  «2^°1+®2+c6^ 

‘—m ■'  i  ii  . . . 

i/3^ 


(A*“4B)jj 

(A»-4B)l4 

(A»-4B)22« 


-  (A*-4B)J1 


VVj 


(A»-4B)41  *  0 

o2*  (cj+Oj+Og)* 


*1*2 


*2* 


Fig,  2  loAomstie  of  turbine  end  drive  train  component* 


«2(ol+c2)  c2(c2+03> 


Cone 1 alien 


<A*-4B) 


23 


*2^7 

(A*-4B)32 

*3 ’^2*7 

C2C3 

3 

°2*  <02+03) 

'3^*7 

:+_v 

*2*3  '  *3* 

*3*4 

o3(c3+d4) 

+  4 


vjTj- 

j2',3 


k2+k3  ' 


+  4 


‘1_V4 

*3  ’^PT  *4  *^3*7 

-  (A»-4B)43 


«3*  («3+d4)*  k 


-i7' 


Th*  addition  of  Cj,  c,,  c»,  0,  and  0-  is 
ntoeesary  to  make  A‘-4)B  positive  definite. 
Requiring  the  four  leading  principal  ainoci  of 
the  4x4  Matrix  A*-4B  to  be  positive,  yield*  four 
inequalities  in  the  inertia,  damping  and 
stiffness  perimeter*.  Using  the  values  from  [7] 
and  {41  for  J,  and  k,  (listed  in  the  appendix) 
and  choosing  the  0,  to  satisfy  the  inequalities 
yields: 


A  nethod  for  eliminating  osoillation  in  n- 
degree  of  freedon  lumped  parameter  syatems  by 
increasing  the  amount  of  viscous  damping  in  the 
system  has  been  presented.  Examples  of  two  and 
four  degree  of  freedom  systems  indicate  the 
complexity  of  the  process  and  its  level  of 
applicability. 

Another  method  available  to  produoe  total 
overdsmping  is  given  in  [2]  for  two  degree  of 
freedom  systems.  Unfortunately  to  extend  the 
process  in  [2]  to  n-degreen  of  freedom  requires 
a  closed  form  solution  of  polynomials  of  degree 
(n-1).  However,  the  method  here  requires  only 
the  numerical  solution  of  uon-1 inter  equalities. 
Also,  for  the  two  degree  of  freedom  case,  the 
siethod  presented  in  [2]  allows  only  the 
parameters  e^  and  0,  to  be  adjusted.  At  an 
alternative,  the  method  presented  here  allows 
all  of  the  parameters  a.^,  0,  and  k3  to  be 
adjusted.  Thus  it  seems  that  the  method 
presented  here  may  be  More  computationally 
useful  in  design  work. 
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c,  »  12.0000x10*  N-m  sec/rsd 

e3  -  5.4453*10*  "  " 

c a  »  1,4700x10*  " 

d4  “  3.5300x10*  "  " 

c.  •  14.0000x10*  "  *' 

o#  •  7.1347*10*  "  " 

as  one  possible  solution  for  the  edded  damping 
oonstanta. 

The  charaeteriatie  polynomial  for  tki* 
system  la 

2,024397*10’5  A*  +  9,003467*10’*  A»  +  1,36774  A* 
+  43.34534  A»+1.9?37«3*10*  A* 

+  1.381429x10^  A»  +  2.502764(10*  A* 

♦  4.954851x10*  A  +  2.105979  -  0  , 

which  hat  roots: 

*  ",152*  Aj  *  -.324, 

Aj  *  -.334,  A4  --.461 

As  -  -1.75*10*,  A$  <*  -1.03*10*, 

A,  -  -2.47*10*,  A,  •  -2.41*10*. 
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Appendix  Parameter  values  of  tbe  DOE/ SANDIA 
WIND  TURBINE  (values  taken  fro*  (7])  for  tbe  case 
of  tip  speed  ratio  of  2  and  turbine  rotational 
speed  of  50.6  RPX 


J,“J,“l/2  of  turbine  motor  inertia  “  1.65xl04  N- 
sec*-m  (1.46x10*  lb-sec*-in) 


-  transmission  inertia  m  2.43x10*  N-sec*-in 
(2.15x10*  lb-seo*-in) 


■  generator  inertia  “  3.06  N-sec*-in  (27,1 
lb-sec*-in) 


animistic 


stio  »  35.6 


pulley  gear  ratio 


HOP 

(35.6) (50.6) 


•  rotor  tower  stiffness  -  1,65x10*  N-m/rad 
(1.46x10*  Ib-in/rad) 


k,  "  shaft  stiffness  -  2.69x10*  N-m/rad 
(2.39x10*  lb-in/rad) 


Kt  ■  transmission  abaft  stiffness  “  1,41x10* 
N-m/rad  (1.25x10*  lb-in/rad) 


■  lenerator  abaft  stiffness  “  2.10x10*  «- 
m/rad  (1.16x10*  lb-in/rsd) 


•I1*!'** 

-  242x10*  N-m/rad  (2.39x10*  lb- 
kl**2  *H  in/rad) 


2.07xl0*a-n/rad  (1  J3xl0*lb-U/rsd) 


On  the  optimal  location  of  vibration  Supports 


B.  P.  Wang,  W.  D.  Pilkay 
university  of  Virginia 
Charlottesville,  Virginia  22301 


The  problem  of  optimal  positioning  of  vibration  supports  to  raise 
the  fundamental  natural  frequency  of  a  system  is  studied.  It  is  proposed 
that  possible  locations  of  the  supports  can  be  compared  by  studying  the 
corresponding  antiresonant  frequencies.  Xt  is  contended  that  a  near 
optimal  location  is  achieved  by  locating  the  supports  such  that  the 
corresponding  lowest  antiresonant  frequency  is  a  maximum  and  a  criterion 
is  proposed.  Numerical  examples  are  used  to  illustrate  this  criterion. 


INTRODUCTION 

Intermediate  supports  are  often  .ntroduced 
in  engineering  structures  to  increase  the 
resonant  frequencies  of  the  system  as  well  as  to 
support  weights.  These  supports,  when  realised 
by  actual  structural  components,  are  elastic 
supports.  Thus,  the  problem  of  designing 
vibration  supports  to  raise  the  fundamental 
frequency  involves  finding  both  the  location  and 
the  required  stiffness  of  the  support). 

in  an  earlier  paper,  Besler  and  currerl  (l) 
studied  the  design  of  vibration  supports  for 
piping  systems.  They  used  the  transfhrmatrlx 
method  to  study  a  spring  supported  cantilever 
beam  and  a  spring  supported  Xi  bend.  They  found 
the  optimum  spring  location,  i.a,,the  most 
effective  location  to  put  a  spring  to  increase 
the  fundamental  frequency,  from  numerical 
experimentation.  They  concluded  that  a 
nearoptimal  position  for  a  flexible  spring  is  at 
a  node  of  the  second  mode,  for  a  rigid  support 
this  would  be  the  optimal  location. 

In  the  present  paper,  a  criterion  for 
selecting  the  optimal  sprlnglocations  will  be 
derived,  This  criterion  can  also  be  used  to 
compare  the  relative  effectiveness  of  sets  of 
proposed  support  locations. 

MMUEM  FOWIUttlON 


where  Rjj(u)  is  the  receptance  of  dof  J, 

Equation  (11  can  be  derived  using  the  receptance 
method  [2}.  Alternatively,  it  can  be  found  by 
considering  the  addition  of  a  spring  to  a  system 
as  a  local  modification  (3,4,9),  The 
receptance  *jj(u)  can  be  expressed  in  modal 
summation  form  as 


A 


Lll 


(2) 


where  u(  is  the  natural  frequency  of  the  tth 
node  of  the  unsupported  system,  (p()  is  the 
corresponding  eigenvector,  is  the  Jth 
component  of  (P(),  n  is  the  number  of  modes 
utilised,  and  of  -  <*,)%](<•,)  is  the 

generalised  mass  of  the  Ith  mode.  Thus,  for 
any  given  spring  rate  k,  Eg.  (D  along  with  Eq. 
(2)  can  be  used  to  solve  for  the  new 
frequencies  u.  The  natural  frequencies  of  the 
supported  system  increase  as  the  spring  rate 
increases.  In  the  limit,  as  k  approaehss 
infinity,  i.e.,  as  the  support  becomes  ideally 
rigid,  the  frequency  equation  becomes 


*aJ(w)  -  0  (3) 


for  a  multlple-degree-of»freedoa.  undamped 
system  with  a  spring  rate  of  k  introduced  at  dof 
J.  the  frequency  equation  is 

(1) 


Denote  the  lowest  u  that  satisfies  tq.  (3) 
as  a*  .  Then  afJ'ie  the  lowest  antiresonant 
frequency  of  dof  V.  That  la.  a<J'  ie  the 
highest  fundamental  ftaquency  achievable  when 
the  support  at  dof  J  becomes  rigid.  It  follows 
from  the  eigenvalue  separation  property  (•], 
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that  a*J'  <  <j  ,  where  w.  is  the  second  natural 
2  2 

frequency  of  the  unsupported  system .  Thus,  by 
choosing  dof  J  for  a  rigid  support  as  a  node  in 
the  second  node  of  the  unsupported  system,  we 

have  a  ■  ,  which  is  the  maximum  obtainable 

2 

fundamental  frequency.  This  result  has 
been  known  for  some  time  (1). 

Now  consider  the  case  of  introducing 
springs  at  dof  Following  the 

procedure  of  Kef.  [5],  the  frequency  equation 
of  the  supported  system  is  given  by 


NUMERICAL  EXAMPLES 

To  illustrate  the  basic  contention  of  the 
MAFC  criterion,  consider  the  simply  supported 
beam  of  Pig.  1.  The  fundamental  frequency  of 
this  beam  is  15.71  Rz.  It  is  desired  to 
introduce  two  intermediate  supports  to  increase 
the  fundamental  natural  frequencyto  above  25  Hz. 
For  this  example  it  is  practical  to  restrict  the 
support  locations  to  two  possible  sets  of 
positions,  sayA  (x2  -  .1L,  x2  »  C.5L)  and  B  <xx 
-  0.34L,  x2  -  0.67L>. 


detail  +  -  0  (4) 


where  (I]  is  an  sxs  identity  matrix 

(ft]  is  the  receptance  matrix  associated 
with  the  dof  j  .  j  , ...j  .,  i.e.. 


(51 


A 

(AX]  • 


-  an  exe 

diagonal 

matrix 


L  -  2. 54  m  (loo  in. ) 

E  ■  69  opa  (107  pal 1 

p  -  8748.73  -9  (0.01  lb~8*-^) 

m3  in2 

i  -  4.1623*10"*  m4  (10  in4) 


Akj  is  the  spring  rate  of  the  support  at  dof  j. 


Pig.  1  A  simply  supported  beam 


in  the  limiting  ease  when  all  Ok.  -  »,  zq.  (4)  Pot  this  case  with  two  supports,  we  have 

becomes  ' 


det{ fl]  -  0  (6) 

(J) 

Let  a  8  he  the  lowest  root  of  Iq.  (•).  Then 
the  optimal  rigid  support  locations  will  be  where 

P' 

a  is  a  maximum.  Ns  are  now  in  a  position 
to  propose  a  criterion  for  near  optimal  flexible 
support  locations. 


mniq  MflMSOttMt  — "  CWIIKM  (MAFC) 

For  given  tats  el  tupoort  locations,  a  near 
ootimal  sat  o(  locations  Is  where  the  corretoonding 
lowest  antirasonant  (raousney  to  a  maximum. 
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I  AX] 


AX, 


AX. 


and 


lift) 


ft,,  ft 


11 

12 

21 

ft„ 

22 

(7) 


(8) 


Ns  will  call  this  criterion  the  Maximus 
Antirasonant  Frequency  Criterioa  (Mfc). 
this  criterion  leads  to  the  two  optimal 
locations  for  rigid  supports  and  to  near  optimal 
ones  for  flexible  supports i  the  stiffar  the 
spring  rates,  the  better  the  criterion.  To  find 
the  antirasonant  frequency,  one  can  either  solve 
an  eigenvalue  problem  of  order  (n«a)  or  solve 
the  nonlinear  8q.  (6). 


It  is  convenient  to  calculate  the  elements 
vHA  a  modal  summation,  thus. 

“  Ojtwj  -  w») 


(9) 


where,  for  a  simply  supported  beam, 


vv 


sin 


Lux 
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the  relative  effectiveness  of  possible  sets  of 
locations  for  placing  vibration  supports.  This 
will  narrow  the  design  problem  to  that  of 
determining  the  required  stiffness  to  achieve  a 
desired  fundamental  natural  frequency. 


Gt  -  1/2  pL 


w 


I 


LLn.il 

L* 
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£1 
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In  the  numerical  calculation  n  -  20  is  used,  or, 
in  other  words,  20  modes  are  used  to  evaluate 
the  receptances  in  Eq.  (9).  The  frequency 
determinant  of  Eq.  (7)  gives 

f fundamental  natural  freqency  for  rigid 
supports  at  x  -  o.lt,  x  ■  o.5b 
f  -  70.9  Be  1 

i  »  fundamental  natural  frequency  for  rigid 
supports  at  •  0.34b,  x2  ■  0.47b 

-  180.1  HB 

since  f  >  f^**.  we  conclude  that  the  location 
pair  B  is  more  effective  than  location  pair  A  in 
raising  the  fundamental  frequency  of  the  system. 


To  check  the  above  proposition,  we  will 
compute  the  fundamental  frequencies  of  the 
spring  supported  beam  for  the  special  case  of 
equal  spring  rates.  The  results  are  summarised 
in  Table  1.  Alternatively,  we  can  compute  the 
required  (equal)  spring  rates  for  both  springs 
for  given  fundamental  frequencies.  The  results 
are  summarised  In  Table  2.  We  observe  that  to 
raise  the  fundamental  frequency  above  as  Ks, 
springs  with  rates  of  about  1.23  x  10*  N/m  (7000 
lb/in)  are  needed  at  location  x^  >  0.1b  and  *a  - 
o.4b.  while  leas  stiff  springs  with  rates  of 
o.l»  x  io‘  M/m  (4000  ib/in)  are  needed  if  they 
are  located  at  x1  ■  0.34b.  x^  ■  0.C7L. 


As  a  second  numerical  example,  consider  the 
clamped -supported  beam  of  Pig.  2  with  an 
intermediate  spring  support.  The  fundamental 
frequency  of  this  beam  is  plotted  in  Pig.  3  as  a 
function  of  support  spring  locations  and  rates. 
Prom  NkPC.  a  near  optimal  location  is  determined 
to  be  x  •  27. k  in.,  the  point  of  maximum 
anti resonant  fraquancy.  This  ia  the  optical 
location  for  a  rigid  support.  The  optimal 
support  divergts  from  x  ■  27.1  as  the  stiffness 
of  the  support  is  dacreasad.  However,  note  that 
tha  system  with  e  spring  support  located  at  x  • 
27 ,i  results  in  a  system  elmoat  ea  good  as  the 
system  with  a  spring  located  at  the  true  optimal 
location. 

CONCLUSION 

In  auasary.  a  simple  criterion  hat  been 
derived  that  will  allow  a  designer  to  determine 


TABLE  1 

Natural  Frequencies  for  Simply  Supported  Beam 
with  Two  Equal  Intermediate  Springe 


Spring 

Fundamental  Natural  Frequency 

Stiffness 

of  tha  Supported  System  (Hr) 

N/a 

(lb/in.)  Xj  »  0.1b.  Xj  -  0.34b 

X2  -  0.5b  -  0.67b 

17513 

(100) 

15.88 

15.95 

87565 

(500) 

16.67 

16.88 

175130 

(1000) 

17.38 

17.98 

350268 

(2000) 

18.90 

20.00 

525390 

(3000) 

20.30 

21.81 

700530 

(4000) 

21.61 

23.48 

175650 

(5000) 

22.82 

25.05 

1751300 

(10.000) 

28.07 

31.72 

m 

76.9 

180.1 

TABU  2 

Required  spring  Rate  to  Achieve  Prescribed 
Natural  Frequency 


Fundamental 

Required  spring  stiffness 

Natural 

(lb/in)  for  springs  at 

Frequency  (Ha) 

X  -  0.1b, 

Xj  -  0.5b 

N/m 

(lb/in) 

18 

29238 

(166.95) 

17 

133608 

(763.91) 

IS 

244632 

(1396.16) 

19 

362386 

(2069.24) 

20 

416935 

(2760.42) 

25 

1214360 

(6934.07) 

SO 

212S640 

(12137.50) 

Fundamantal 

Required  Spring  stiffness 

Natural 

(lb/in)  for  Springe  at 

Fraquancy  (Ha) 

X,  -  0.34b. 
1  N/m 

X  -  0.67b 
r lb/in) 

16 

21220,5 

(121.17) 

17 

96S962.7 

(955.09) 

It 

177134 

(1011.49) 

19 

262047 

(1496.3) 

20 

341610 

(2007.71) 

20 

•69462 

(4966.76) 

30 

1905170 

(6994.61) 
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DYNAMIC  BUCKLING  OF  PINNED  COLUMNS 


J.M.  Ready 

David  W.  Taylor  Naval  Ship  R&D  Center 
Bethesda,  MD  20084 


ABSTRACT 

To  develop  design  guidance  for  foundations  of  shipboard  equipment  DTNSRDC 
conducted  a  series  of  dynamic  tests  on  parametrically  varied  pinned  columns. 
Tests  showed  that  Incipient  buckling  can  occur  at  loads  as  low  as  70  percent 
of  the  Euler  buckling  load*  Applied  dynamic  loads  of  SO  percent  of  the  Euler 
load  do  not  appear  to  cause  buckling  when  eccentricity  la  low.  The  tests 
also  showed  that  columns  can  carry  loads  that  are  multiples  of  the  Euler 
load  provided  the  load  duration  la  short  compared  to  the  fundamental  bending 
period  of  the  columns;  otherwise  the  coltmms  collapse.  Coliaina  subjected 
to  dynamic  compressive  loads  aqual  to  the  Euler  load  and  of  a  duration 
equal  to  the  period  of  the  coluan  are  In  imminent  danger  of  collapae. 


INTRODUCTION 

At  underwater  explosion  (UNDEX)  near  a 
ship  can  induce  dynamic  compression  loads  in 
foundations  of  internal  equipment  mounted  in 
the  ehip,  This  loading  can  trigger  in  the  com¬ 
pression  msmbers  s  collapse  mechanism  called 
dynamic  buckling.  As  used  in  this  text,  dynamic 
buckling  is  the  collapse  history  of  a  column 
that  bands  in  its  fundamental  mods.  The  expec¬ 
ted  increased  in  use  of  high  strength  steal 
(e.g.  HY-1J0)  in  the  structures  of  Navy  ship* 
can  lead  to  m  reduction  of  structural  sections 
over  that  if  HY-80  or  HT8  steel  were  used. 

This  can  occur  when  yield  stress  govern*  a 
design  rather  then  a  critical  buckling  stress. 
The  reduced  section  may,  in  the  ease  of  columns, 
increase  their  susceptibility  to  buckle  dynami¬ 
cally  from  tha  af facta  of  an  undarwattr  shock 
loading  on  a  ship. 

David  W.  Taylor  Naval  Ship  UD  Center 
(DTNSRDC)  conducted  a  series  of  dynamic  buckling 
testa,  the  purpose  of  which  wee  to; 

a)  Confirm  some  of  the  theoretical  obser¬ 
vations  about  dynamic  buckling,  e.g., 
long  column*  can  withstand  multiples 

of  Us  later  capacity  for  short  periods 
of  time; 

b)  Determine  circumstancee,  if  any,  in 
which  dynamic  buckling  becomes  a 
problem; 

e)  Develop  design  guidelines. 


DIMENSIONAL  ANALYSIS 

To  help  design  colons  for  dynamic  buck’ 
ling  tests  and  to  analyse  test  data  a  di- 
msntional  analysis  was  made  to  determine 
•tgnf leant  parameter* involved  in  thair 
dynamic  behavior.  A  pinned  column  of 
rectangular  section,  havingarceasurnd  offset 
at  its  midpoint,  was  conceived  in  which 
one  and  wee  vertically  restrained  and  tha 
other  was  free  to  rotate  end  to  move 
vertically.  It  le  Idealised  to  that  shown 
in  Figure  1. 

Tha  variables  involved  in  buckling  ere 
the  applied  load  t,  its  duration  9,  Uhe  rise 
time  of  the  loading  tf,  the  midpoint  deflec¬ 
tion  y,  and  a  characteristic  of  the  column' e 
bent  shape,  either  the  eccentricity  y.  or 
its  Radius  of  curvature.  Other  variables  for 
the  eolumn  include  length  l,  radius  of 
gyration  r,  fund an total  period  T,  Euler  loed 
?»,  any  static  weight  W  on  the  column,  end 
finally,  tha  eoluen  area  A.  Variables 
accounting  for  material  properties  include 
density  P,  end  toiulua  of  elasticity  E. 

In  tha  above  listing,  deflection,  is  a 
dependent  variable.  Hut  duration  0  may  also 
be  a  dependent  variable  because  vertical 
motion  of  the  end  of  the  column  may  affect 
It,  Deuce,  •  will  be  e  dependent  variable 
in  this  analysis. 


To  these  dependent  variables  a  character¬ 
istic  strain  at  the  midpoint  of  the  column  can 
be  added,  if  only  one  cross-sectional  ihape  is 
to  be  investigated,  as  here  in  this  case.  In  a 
general  case,  a  characteristic  of  the  cross- 
section,  e.g.,  section  modulus,  must  be  Included 
in  the  list  of  Independent  variables.  The 
variables  (£,  0,  y)  give  rise  to  three  indepen¬ 
dent  nondlmenslonal  equations  of  which  only  one 
is  shown  below;  the  other  two  are  similar.  If 
we  have  accounted  for  all  the  variables  that 
affect  dynamic  buckling,  a  functional  equation 
appears  as: 


f(y,  t,  r,  T,  tr,  E,  p, 
P,  PB,  A,  W)  -  0 


<D 


Following  the  Buckingham  Pi  Theorem,1*2,3 
we  have  12  variables  and  three  dimensions,  thus 
there  are  9  dimensionless  variables  that  affect 
dynamic  buckling.  After  some  manipulation,  a 
nondimensional  equation  may  be  derived  and  it 
appears  as: 


y/y*  -  «/r)2  *  Pg/A z  My^l, 

Zft,  tf/T,  V0/i,  P/PE,  (2) 

W/PB,  A/*2) 

Note;  acoustic  velocity  cQ  ■  (E/p)1^2 


The  deflection  ratio  y/y.,  the  duration  retlo 
e/T,  or  the  characteristic  midpoint  attain  could 
be  uecd  on  the  left  tide  of  this  equation.  Of 
the  Independent  variable*  that  arc  listed  In 
equation  2,  y^/tM*,  t-/T,  A/f*  end 

P/PE  are  Judged  to  be  the  most  important.  The 
effect  of  the  variable  W/P.  la  judged  email 
fur  these  teste.  But  static  loads  could  have 
a  significant  affect  on  buckling  history  of 
a  column;  they  lover  the  fundamental  frequency, 
making  the  enlumn  (lower  to  respond  than  It 
would  otherwise.  In  the**  test*  s  static  load 
c**e  from  spacsrs  that  had  to  b»*  Interposed 
between  on  applied  lead  and  the  columns.  In 
the  worst  ease  of  these  tests,  the  effect 
of  static  load  waa  estimated  to  be  less  than 
10  percent  of  the  response  of  ti«  column  with 
no  initial  loading. 

TEST  fcESCRlFTJO# 

APPARATUS 

to  do  these  tests  the  drop  wight  machine 
shown  in  Figure  2  t«ta  weed.  A  221  lb.  weight 
was  suspended  above  %  enlumn  and  \vnen  releaesd. 
the  weight  rode  between  tails  that  guided  its 
downward  path.  Between  the  top  eat  of  the 
column  and  the  drop  weight  was  «  spacer,  Atop 
of  which  was  a  crvehable  styrofoam  Mock, 
the  styrofoam  block  was  used  to  resolve 
the  impact  of  the  22*  lb.  drop  weight  to  * 


constant  force  which  was  then  transmitted 
down  the  spacer  to  the  column  below. 

The  test  columns  were  made  from  bars 
having  a  rectangular  cross-section  and  to 
which  round  bars  of  3/A”  diameter  were  welded 
breadth-wise  at  each  end  of  a  column.  The 
post-test  photographs  of  Figure  3  show  the 
manner  of  the  construction  of  the  columns. 

When  the  columns  were  vertically  placed  in 
the  machine  the  cross  bars  extended  beyond 
the  breadth  of  the  column  and  into  vertical 
guile  channels  located  to  either  side  of  the 
column.  The  guide  channels  were  welded  in 
place  in  the  machine,  and  since  the  cross 
bars  close  fit  Into  the  channels,  they  served 
to  keep  the  ends  of  the  column  reasonably 
aligned,  yet  they  permitted  the  top  of  the 
column  to  rotate  and  to  move  vertically  In 
response  to  the  drop  weight. 

DESCRIPTION  OF  COLUMN 

The  geometries  and  properties  of  ell  the 
column*  are  listed  In  Table  1.  Note  thet 
preset  eccentricities  y,  of  the  coltama 
were  altered  because  of  the  weight  of  spacers 
on  the  columns;  at  first  they  did  not  appear 
significant  end  were  not  measured.  However, 
later  It  seemed  prudent  to  use  altered  values 
of  eccentricities.  So  the  altered  eccentri¬ 
cities  that  resulted  were  calculated  and  are 
shown  In  Table  1A.  These  values  were  used 
In  all  eubsequent  calculation*  Involving 
eccentricity. 

The  column*  used  In  these  teats  wars  made 
of  6061-1&  alualnum.  The  test  results  should 
ba  squally  applicable  to  other  materials  because 
of  the  parametric  nature  of  the  tasting. 

HUMBER  OF  TESTS  AMD  LOAD  CONDITIONS 

For  thsss  tests  •  total  of  9  columns  wars 
used  of  which  three  were  nearly  Identical  and 
the  remaining  6  wars  parametrically  varied 
according  to  aquation  2.  The  columns  wsrs 
numbered  1  through  2;  note  that  there  wsrs  3 
No.  7  columns.  Coitans  1  through  6  were  tasted 
twins  -  on*  teat  with  an  applied  load  about  1/2 
of  their  Euler  capacity  and  another  test  using 
an  applied  load  equal  to  the  Euler  capacity. 
Column  7  could  only  be  tested  once,  since 
the  drop  weight  itselt  would  bueklo  the  column. 
For  this  column  (3  In  number)  load*  of  1,  2  and  S 
times  their  Euler  capacities  were  applied. 

The  tote)  number  of  tests  was  17,  encom¬ 
passing  load  conditions  of  1/10  to  •  times  tbs 
Euler  capacity  of  the  columns  with  the  bulk 
of  eh*  experiments  dune  at  load  conditions 
of  1/2  and  full  Euler  loads.  For  column  1  a 
repeatability  teat  of  1/2  Its  Euler  capacity  was 
done.  And  eolusn  6,  a  short,  strong  column, 
wan  tested  to  1/10  of  of  lea  Euler  capacity 


INSTRUMENTATION 


In  addition  to  the  1/?.  and  full  Euler  load 
testa-  Note  that  these  load  conditions  repre¬ 
sent  ideal  values;  actual  load  conditions 
were  different.  Table  2  identifies  the  tests 
and  the  ideal  load  conditions. 

LOAD  SHAPE 

Static  tests  have  shown  that  styrofoam 
when  statically  compressed  to  a  certain  stress 
will  crush  under  a  constant  load.  At  about 
50  percent  strain,  the  styrofoam  stiffens  and 
the  stress  rises  exponentially  till  complete 
compression  obtains.  Under  the  impact  force 
from  the  224  lb.  drop  weight  a  similar  load 
shape,  but  varying  in  time,  is  obtained.  For 
example,  Figure  4  shows  a  typical  acceleration 
history  of  the  224  pound  mass  as  it  crushes  a 
styrofoam  block  for  which  the  support  was  rela¬ 
tively  stiff.  The  record  shows  a  rise  time 
(6  msec)  in  which  acceleration  reaches  some 
value  which  then  remains  constant  for  a  period 
of  time,  followed  by  a  stiffening  of  the  styro¬ 
foam  which  gives  rise  to  accelerations  much 
beyond  the  constant  value. 

Constant  force  crushing  of  styrofoam  is  a 
convenient  property  for  use  in  these  buckling 
tests.  The  loading  and  Its  effects  are  easily 
defined  or  characterised  during  the  period  in 
which  acceleration,  vis-a-vis  force,  is 
constant.  And  also,  much  of  the  theoretical 
work  on  dynamic  buckling  uae  constant  forces 
on  columns,  though  suddenly  applied.  The  load 
ahape  for  the  buckling  teste,  however,  it  leee 
than  this  ideal,  ainca  tt  haa  a  finite  riee 
time.  Thin  paper  te  concerned  with  the  loading 
end  lte  effects  up  to  the  time  that  this  con¬ 
stant  acceleration  ends, 


GROUPING  OF  COLUMNS 

In  the  buckling  teeta  the  columns  were 
divided  into  three  groups,  as  shown  in  Table 
3,  such  that  eccentricity  elendurneae 

(£/r)  and  stoutness  (A/<‘)  ratios  would  be 
variables.  Group  1  contains  three  columns 
while  Groups  II  and  lit  have  two  columns  each. 
An  Table  1  shows,  however,  only  In  the  teat 
aeries  of  eccentricity  (Group  1)  was  it 
possible  to  completely  Isolate  eccentricity 
and  Veep  the  other  non-dimensional  variables 
constant,  in  Group  II,  it  was  not  possible  to 
isolate  slenderness;  the  period  (?)  of  columns, 
appearing  in  the  ratio  Te^/f,  also  varied.  And 
in  Group  til  It  was  not  possible  to  isolute 
stoutness  (A/f3);  the  Tc  /(  and  slenderness 
ratios  also  varied.  Obviously,  having  more 
than  one  variable  makes  the  correlation  of 
data  difficult,  let  when  these  “extra**  vari¬ 
ables  come  into  play  later  on  le  this  report, 
their  effects  are  Judged  to  be  secondary  or 
tertiary  tu  column  response. 


The  lnstruaentatlon  consisted  of  2  strain 
gages,  2  displacement  gages,  1  accelerometer 
and  a  riming  signal.  Two  strain  gages  were 
mounted  at  the  midpoint  of  each  column;  one 
gage  measured  a  bending  strain  and  the  other 
measured  axial  compressive  strain.  See 
Figure  2. 

Displacement  meters  were  used  to  measure 
the  lateral  displacement  of  the  mid-section 
and  vet  :ical  displacement  of  the  upper  end 
of  the  col  nuns.  These  meters  can  be  seen  in 
Figures  2. 

An  accelerometer  was  mounted  to  the  side 
of  the  drop  weight.  See  Figure  2. 

TEST  RESULTS 
OSCILLOGRAPH  RECORDS 

Figures  5,  6  end  7  are  typical  records  of 
the  responses  of  «  column  to  the  Impact  of  the 
drop  weight.  The  responses  in  Figures  5  and  (> 
ars  for  the  nominal  load  condition  of  R  -  1/2 
or  for  an  applied  load  of  1/2  tha  Eular  capa¬ 
city  of  the  tsat  columns.  For  Figure  7  the 
applied  load  la  about  2  1/2  times  tha  drop 
weight  or  a  nominal  load  condition  of  R  ■  1. 

In  Figures  5  and  6  wa  can  aaa  that  tha 
time  at  which  tha  duration  of  flat  acceler¬ 
ation  ends,  is  signalled  by  a  sinusoidal 
motion,  and  that  prior  to  this  sinusoidal 
action  tha  lateral  displacement  reached  a 
aaxiaum.  Note  that  axial  strains  are  small 
compared  to  banding  strains  and  alto  that 
thtlr  durations  arm  short.  In  thm  cats  of 
thm  R  ■  1  load  condition,  Figurm  7  shows  that 
banding  strain,  and  thm  lateral  and  vartieal 
displacamenta  continue  to  rime  beyond  the 
period  of  flat  acceleration.  Thla  la  expec¬ 
ted,  since  the  applied  load  la  mors  than  tha 
Ruler  load,  and  the  column  would  therefore 
buckle. 

Figure  8  la  a  collection  of  ten  records 
that  show  response  histories  of  several  coltams 
after  impact  by  the  drop  weight.  The  plots 
were  taken  from  oscillograph  records  and  ere 
sltown  hare  in  non-dimenaionet  form;  response 
la  in  tanas  of  deflection  y/y.  end  time  in 
terms  of  t/T  where  t  is  the  real  time  and  T 
is  the  period  of  the  column.  Zero  time  for 
each  plot  was  taken  at  the  start  of  lateral 
motion,  as  was  indicated  in  the  oscillographs. 
The  measured  load  conditions  ranged  from  a  low 
of  R  *  0.423  to  a  high  of  R  *  7,8.  The  plots 
indicate  that  deflections  increase  as  loading 
increases;  for  loads  less  then  70  percent  of 
the  Ruler  load  (R  0.70)  the  deflections  rvaeh 
a  peak  and  then  start  to  decline.  Note  thnt 
there  appears  to  bo  a  lag  between  responses 
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of  columns  1  and  S.  These  columns  are  Identi¬ 
cal  except  that  the  eccentricity  for  colimm  5 
Is  larger  than  for  column  1. 


For  loads  greater  than  70  percent  of  r.he 
Euler  load  the  tendency  to  peak  appears  to 
diminish  until  R  «  1.12,  or  the  Euler  load 
Is  exceeded  by  about  12  percent.  Beyond  this 
loading,  deflections  monotonlcally  Increase) 
with  time  because  the  Euler  load  Is  exceeded. 


The  deflection  histories  of  all  of  these 
records  are  foreshortened  because  acceleration 
did  not  remain  constant  for  the  entire  test 
event;  It  became  sinusoidal. 


ACCELERATION  DATA 


Table  4  contains  acceleration  data  in¬ 
cluding  peaks,  rise  tines  and  durations.  Note 
that  the  load  conditions  (A)  when  referred  to 
In  the  text  below,  are  nominal.  The  accel¬ 
erations  ranged  from  a  low  of  0.3g  (Teat  7A, 
coined  7)  to  a  high  of  12.2g  (Test  6C, 
column  6).  The  rise  time  and  duration  of  these 
accelerations,  decreased  ee  applied  loads 
increased.  The  rise  time  is  about  10 .meet 
when  R  ■  1/2  end  3  msec  when  R  ■  1.0.  Go! tan 
stiffnesses  do  not  stem  to  affect  this  value. 


Under  load  condition  R  »  1/2,  the  dure- 
tlone  were,  except  for  the  teat  on  column  A, 
greater  than  30  mate;  the  durations  ranged 
from  a  low  of  27  mate  to  n  high  ol  114  atec. 
As  load  increased,  its  deration  decreased. 
For  example  when  R  *  1,0  durations  vert 
generally  lass  than  30  esse;  the  low  was  7,3 
msec  and  the  high  wee  34  msec. 


STRAIN  DATA 


Tables  3,  6,  and  7  show  the  peak  value* 
of  strains,  lateral  end  vertical  deflections 
end  their  cor r responding  rise  times.  These 
velvet  are  those  chet  occurred  within  the 
duration  of  the  flat  response  of  the  accel¬ 
eration  trace. 


'  The  exist  strains  were  about  a  qiurtei 
of  the  banding  strains  that 'ere  shewn  is  the 
table* ,  they  range  in  value  from  0  to  e  high 
of  1042  Mint  in  (Test  3*.  Column  3),  iaeall 
thut  yield  for  A0A1-TA  vccufe  at  about  3*00 
uln/ia.  the  measured  strains  increase*'  a* 
load  increased  end  a*  stiffness  iaereattod. 
Unfortunately,  in  the  case  of  edluma  4,  a 
relatively  stiff  column,  the  axial  gegu  was . 
effected  by  heeding  of  the  column.  The  strains  ' 
that'  are  Hated,  are  these,  peaks  that  occurred 
early  is  the  strain  record]  those  that  occurred 
later  were  probably  effected  by  bending  ef 
.'the  toi tacts  thaeselvv*.  ■  in  ether  words,  the 
:oise  of  the.gsg*  vs*  a  largo  portion  of  the 
leteral  dimension  of  the  column;  hence, 

.  bemdivg,:;:»e  well  as  axial  strain,  affected 


the  gage  reading.  Early  on,  when  lateral 
deflection  was  small  the  axial  gage  gave 
a  truer  strain  account  than  later. 


In  general,  bending  strains  are  more 
significant  than  axial  strains;  this  Is  not 
surprising  since  the  columns  tend  to  he  long 
and  have  pronounced  eccentricities.  Long 
columns  buckle  at  relatively  low  compressive 
axial  strains,  and  eccentricity  easily  induces 
bending  strains.  Values  of  bending  strains 
ranged  from  a  low  of  312  yln/ln  (Test  6A, 
column  6)  to  the  extremely  high  19,929  yln/ln 
(Test  6C,  col  inn  6).  Rise  times  ranged  from 
the  very  low  3.5  msec,  (Test  6C,  column  6  to 
the  vary  high  75  msec,  (Test  7A,  column  7). 


DEFLECTION  DATA 


Lateral  deflections  ranged  from  about 
saro  (Teat  6A,  colinn  6)  to  a  high  of  3.34  in. 
(Teat  7A,  column  7).  Their  rise  time*  were 
generally  the  tame  as  those  for  peak  banding 
strains.  Vertical  displacement*  are  about  1/3 
to  1/2  of  the  lateral  deflect lone  and  have 
about  Che  asms  rise  times. 


ANALYSIS  OF  NON-DIMENSIONAL  VARIABLES 


RESPONSE  OF  COLUMNS 


Table*  4  through  7  contain  tha  measured 
test  data;  It  Includes  accelerations,  strains, 
lateral  and  vertical  displacements,  rise  Usee 
end  durations.  This  data  wse  converted  to  the 
non-dimensional  variables  of  equation  2  and 
era  thorn  In  Tables  8,  9  and  10.  Tha  following 
section  looks  at  each  of  tho  nea-dimensional 
vermis*  and  tries  to  cotralato  each  variable 
with  responses  of  the  Columns.  The  responses 
that  av*  oaad  are  lateral  deflection  y^/yj 
And  banding  strain efe: 


load  Ratio 


Looking  first  at  the  load  ratio  R,  tha  , 
tables  show  that  for  nominal  tost  condition 
*  *  1/2,  the  actual  loading  ranged  from  a 
low  of  0.423  to  a  high  of  0.71.  For  nominal 
load  condition  R  *  1,  tha  actual  loading 
fa aged  from  a  low  of  0.92  to  a  high  of  1,33. 


Figure  9  shows  a  nonlinear  dependency  of 
response  y/y.  and  tha  applied  load,  in  the  esaa- 
whore  R  Increase*  to  1  the  data  plot  shows  a 
decrease  In  y/yt  but  this  le  only  si golf  leant 
for  these  teats,  since  durst ions  nre  out  short 
by  the  buck; tag  of  tha  colunn  Iteelf.  goto, 
again,  that  ,  Into,  tha  tuler  load  was  exceed sd,  - 
•  m  tin*  the  column  would  completely  buckle; 
obviously  lateral  daf lections  would  ba  mors 
than  indicated  kart. 


What  is  sigaifieeat  though,  in  that  when 
I  m  0.7,  tha  onset  of  ylold.  occurs  (Figur*  li); 
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see  Table  5  for  the  bending  strain  of  column  7. 
At  90  percent  cf  the  Euler  load  strains  greater 
than  5  times  the  yield  strain  occurred;  see 
Table  6  for  the  bending  strain  of  column  6. 
Clearly,  then,  a  dynamic  compression  load  less 
than  the  Euler  capacity  of  a  column  can  bring 
on  an  Incipient  buckling  situation.  Whether 
or  not  a  column  suffers  catastrophic  collapse 
depends  in  part,  on  the  duration  cf  that  load, 
but  more  importantly  on  the  energy  absorption 
capacity  of  the  columns  while  buckling,  and 
lastly  on  the  residual  strength  of  the  column 
after  the  dynamic  load  has  dissipated.  For 
example,  a  column  may  be  able  to  absorb  plasti¬ 
cally  a  dynamic  load  but  then  it  could  reach 
a  deflected  shape  such  that  the  normal  service 
loads  could  now  continue  the  buckling  motion. 

Eccentricity  Ratio 

Looking  at  response  data  for  columns  1,  4, 
and  5  for  which  their  slenderness  ratio  (£/t) 
is  constant  (312.5),  Figures  10  and  11  show  the 
variation  in  peak  response  (ym/yp  as  a  func¬ 
tion  of  eccentricity  (y^Tf  ).  Figure  iO  shows 
that  under  a  loading  R  =  1/2  the  peak  deflec¬ 
tions  of  the  columns  decrease  linearly, 
with  a  shallow  slope  as  eccentricity  Increases, 
though  the  absolute  value  of  lateral  deflection 
increases;  see  Table  5.  When  R  *  1.0,  the 
response  ratio  also  decreases  with  increasing 
eccentricity;  see  Figure  10.  For  this  case  it 
would  appear  that  the  response  ratio  should  be 
more  than  shown,  since  the  Euler  load  was 
attained.  However,  the  durations  were  as  much 
as  seven  times  less  here  than  when  the  load  was 
R  »  1/2  (sea  Table  4).  In  other  words,  had 
the  duration  of  the  load  been  as  long  as  in 
the  condition  when  R  ■  1/2,  we  might  reasonably 
expect  deflections  to  be  as  high  as  seven 
times  more  than  measured. 

The  y  /yt  responses  of  all  of  the  columns 
are  plotted  in  Figure  11  as  a  function  of 
eccentricity  yj It.  Figure  11  shows  that  the 
responses  of  columns  2, '3,  6  and  7  are  scat¬ 
tered  about  the  data  curve  for  columns  1, 

4,  and  5.  The  scatter  occurs  because  other 
variables  affect  their  behavior. 

Notice  in  Figure  11A  that  in  the  limit  as 
yj  +  0,  ym/yj-*-  “;  in  other  words  the  response 
would  appear  unbounded.  In  the  case  of  an 
applied  load  greater  than  the  Euler  load  this 
is  reasonable.  But  when  R  »  1/2  theory  indi¬ 
cates  that  response  is  limited,  not  unbounded. 
If  that  indeed  is  true  in  our  case,  and  there 
1 8  no  reason  to  suspect  otherwise,  then 
ym  “  f(y.),  such  that  when  the  yj  ■  0,  the 
maximum  lateral  displacement  7. h  must  also  be 
aero.  And  if  that  Is  true,  then  a  perfectly 
straight  column  con  not  buckle  when  subjected 
to  1/2  its  Euler  load,  this  assumes  complete 
elasticity  during  the  motion  of  the  column. 

In  other  words,  the  column  must  be  strong 


enough  to  withstand  elastically  a  deflec¬ 
tion  that  is  in  theory  twice  the  initial, 
eccentricity. 

Looking  now  at  test  data.  Figure  11C 
§hows  for  columns  1,  4  and  5  a  plot  of 
flh  va.  yj  which  was  taken  from  Tables  1A  and  5. 
The  plot  of  that  data  approaches  zero  as  near 
as  experiment  allows.  For  small  eccentri¬ 
cities  the  initial  slope  of  of  this  curve  is 
about  6^,/yj  “  0.83.  The  maximum  midpoint  deflec¬ 
tion  of  a  column  is  ym  and 

ym  -  «h  +  n  <3> 

where  y^  Is  the  initial  eccentricity 

and  6^  is  the  midpoint  displacement  of  a  column 


Dividing  equation  3  by  yj.  we  have 

ym/yi  •  i  +  Vyi  <3A> 

And  substituting  6j,/yj  *  0.83  into  equation  3A 
we  have 

yffl/yi  -  1.83  (4) 

In  other  words  when  y,-*-  0,  ym/y^  1,83. 
This  value  in  the  limit  for  small  eccen¬ 
tricities  supports  the  bound  ym/y*  ■  2 
derived  in  several  related  theoretical 
works. “7 

Though  largely  of  academic  interest, 
there  is  another  bound  but  at  the  upper  limit 
of  eccentricity  or,  y j/£  -  1/2.  At  that  point 
ou  is  again  zero,  but  now  it  is  because  tha 
column  is  entirely  bent  over,  and  it  has  no 
lateral  movement  left.  In  this  case  6^  ■  0, 
hence  y0/y1  -  1. 

In  nummary,  eccentricity  does  play  a 
role  in  the  response  of  a  column.  At  low 
eccentricities  the  rasponae  seems  to  ba 
limited  to  about  twice  the  initial 
eccentricity.  As  eccentricity  goes  to 
its  upper  limit  of  1/2,  response  decreases, 
or  in  the  limit  yB/y*  ■*  1« 

Bunding  strains  for  soluana  1,  4,  and  S 
are  shown  in  Table  3,  6,  and  7;  these  values, 
after  subtracting  a  calculated  axial  com¬ 
pression  stress,  are  plotted  in  Figure  12. 

The  strains  are  conaiatent  with  the  pre¬ 
viously  shown  deflection  data.  When  R  ■  1/2 
the  strains  Increase  with  increasing  y Jl, 
When  R  »  1.0  the  s.”ralns  decrease  as  y 
Increases;  had  the  durations  been  as  long 
here  as  when  R  ■  1/2,  then  the  strains  would 
have  been  concommitantly  Increased.  In  fact, 
if  the  strains  were  increased  by  the  ratio 
of  the  duration  when  R  -  1.0  and  R  ■  1/2, 
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respectively,  then  the  strains  would  be  in 
Figure  12  on  a  curve  sloped  in  the  same  general 
direction  as  that  when  R  *  1/2;  strains  in¬ 
crease  with  increasing  eccentricity 

Slenderness  Ratio  (£/r) 

Looking  at  the  response  data  for  Group  XI 
columns  2  and  4,  Figure  13  shows  the  variation 
of  response  (yn/yj)  with  slenderness  ratio. 

For  nominal  load  condition  R  *  1/2  the  response 
Increases  with  Increasing  slenderness  ratio; 
on  th6  other  hand,  when  R  »  1.0  the  reverse 
appears.  But  as  noted  before,  had  the  duration 
been  as  long  for  this  condition  as  for  when 
R  ■  1/2  then  the  responses  would  have  been 
more.  Data  for  the  remaining  columns  are 
plotted  In  Figure  13  and  appear  as  scatter 
about  the  line  drawn  for  columns  2  and  4. 

These  figures  indicate  a  functional  relation¬ 
ship  of  response  and  slenderness  ratio. 

Figure  14  is  a  plot  of  bending  strain 
against  l/t  ratio  for  Group  IX  columns  2  and 
4.  The  curves  that  are  drawn  are  consistent  in 
slope  with  deflection  curves  of  Figure  12.  Xn 
general,  it  seems  reasonable  to  conclude  that 
as  i/t  Increases  deflection  and  corresponding 
strain  would  Increase;  the  values  those  deflec¬ 
tions  or  strains  take  depend  on  the  dynamic 
properties  of  columns,  as  measured  by  their 
period  T. 

Slenderness,  Eccentricity  and  Onset  of  Yield 

Figures  4  thru  14  have  shown  functional 
relationships  of  deflection  and  strain  to  the 
variations  In  eccentricity  and  slenderness 
ratio.  These  figures  can  be  combined  to  show 
a  relationship  between  response  (ym/y;>,  eccen¬ 
tricity,  slenderness  ratio,  and  the  onset  of 
yield  In  the  column.  For  example,  In  s  column 
with  rectangular  ercts-seetion  the  bending 
moment  (My)  for  onset  of  yield  Is  fi,.(bdz/S) 
where  b  and  d  are  eroaa-aectional  dimensions 
and  <jy  la  the  yield  stress  of  the  column 
materiel.  If  when  R  *  1/2  the  applied  vertical 
load  (P)  la  tha  predominant  force  producing 
moment,  the  literal  deflection  of  the  midpoint 
of  the  column  at  which  the  onset  of  yielding 
occurs  may  be  calcuslted  from  Ny/b.  Applying 
this  to  the  Group  l  eoltans  1,  a,  and  3, 
boundaries  can  be  drawn  which  show  at  what 
deflections  and  eccentricities  yielding  occurs, 

Figure  13  shows  a  series  of  linear  bounda¬ 
ries  that  reflect  various  ideal  yielding 
strengths  for  load  condition  R  *  1/2.  The 
dsflsctlon  eccentricity  curve  of  columns  l,  4, 
and  3,  taken  from  Figure  10,  Is  re-plotted 
here,  The  Intersection  of  the  yield  bounda¬ 
ries  with  this  curve  indicates  when  yielding 
occurs,  For  example,  the  material  for  the 
teat  columns  has  a  yield  strain  of  about 
Cy  »  JOOOuin/tn,  Hie  Intersection  of  the 


3600  pin/in  strain  boundary  line  and  the 
column  response  line  occurs  at  an  eccen¬ 
tricity  of  about  9  percent.  This  is  In 
fair  agreement  with  a  7  percent  eccentricity 
gained  from  extrapolating  the  strain  test  data 
in  Figure  12, 

From  the  trends  Indicated  in  Figure  15  we 
may  conclude  that  columns  of  relatively  short 
length,  of  moderately  large  eccentricity,  say 
of  up  to  3  percent,  and  of  moderate  strength, 
say  30,000  psl,  will  not  yield  for  loading 
condition  R  ”  1/2.  And  they  will  not  yield 
•even  it  the  load  were  suddenly  applied.  This 
experimental  work  supports  similar  Indica¬ 
tions  of  theoretical  work  In  this  respect. 

In  the  case  where  R  »  1.0  a  series  of 
strain  boundary  curves  are  not  as  easily  made 
as  when  R  -  1/2.  The  bending  moment  that 
occurs  at  the  midpoint  of  the  column  arises 
from  not  only  the  vertically  applied  load  but 
also  from  horizontal  inertial  forces  and  a 
horizontal  reaction  at  the  support  induced 
by  the  lateral  motion  of  the  column  Itself. 

A  dynamic  analysis  of  columns  1,  4,  and  5  for 
load  condition  R  -  1.2  proved  too  crude  for 
use  In  establishing  a  yield  boundary.  So,  the 
experimental  responses  y /y j  were  Increased 
by  the  ratio  of  the  yield  strain  to  measured 
strain.  The  resulting  approximate  yield 
boundary  Is  shown  in  Figure  16.  This  figure 
Indicates  for  the  actual  load  condition  of 
these  tests  (R  -  1.2)  that  yielding  would 
occur  at  about  0,6  percent  eccentricity;  this 
agrees  with  the  extrapolated  data  in  Figure  12 
which  indicates  yielding  at  about  0.3  percent 
eccentricity. 

Figures  17  and  18  relate  bending  etreln 
to  deflection  y„/yj,  eccentricity  and  slender¬ 
ness  of  the  tee™  columns.  Of  the  two  data 
curves  In  Figure  18,  one  curve  (where  eccen¬ 
tricity  Is  constant)  shews  for  R  ■  1  s  preci¬ 
pitous  rise  In  strain  beginning  at  ys/ y.  *  4. 
For  comparison,  the  other  curve  (where  |/r  is 
constant,  or  3U;  shows  a  much  more  gradual 
rise  in  strain  as  eccentricity  is  increased. 

Figure  17  shows  peak  bending  strains  clus¬ 
tered  vertically  at  about  response  yB/yj  «  1.9 
for  load  condition  R  «  1/2.  Obviously,  columns 
of  insufficient  strength,  or  of  a  cross-section 
other  than  rectangular,  may  yield  even  at 
dynamic  loads  1/2  of  their  Euler  capacity.  Tha 
data  also  Indicates  that  increasing  eccen¬ 
tricity  leads  to  increasing  strains.  This  is 
consistent  with  previously  shown  data.  The 
effects  of  slenderness  are  not  apparent  here. 

Stoutness  Ratio 

Turning  now  to  Group  lit  columns  3  and  6, 
there  are  three  variables  ao  that  any  response 
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we  see  in  Figure  23  that  for  nominal  load 
condition  R  =  1/2  the  strains  are  scattered 
about  the  2  percent  eccentricity  curve.  The 
strains  for  column  1  (lowest  in  eccentricity) 
fall  below  the  curve  while  the  strains  of 
columns  5  and  7  (eccentricities  3.9  and  2.6 
percent,  respectively)  fall  much  above  the 
curve.  This  is  consistent  with  previous  data. 
On  the  other  hand,  eccentricity  is  not  a  factor 
when  the  applied  load  is  greater  than  the 
Euler  load,  or  here  when  R  «*  1.2;  the  columns 
were  going  to  buckle  anyway,  regardless  of 
the  eccentricity. 


Threshold  of  Buckling 

In  the  case  of  UNDEX  attack  on  ships 
experience  has  indicated  that  durations  of 
the  shock  load  from  conventional  explosives 
can  last  up  to  6  msec  for  relatively  low 
shock  levels.  Durations  here  are  those  of 
foundation  motion  of  ship  equipment;  under¬ 
water  shock  wave  durations  are  lower.  Note 
further  that  6  msec  is  an  estimate  of  the 
upper  bound  of  data  from  old  ships;  there 
is  no  similar  data  for  modern  ships. 

If  6  msec  duration  is  reasonable  for  use 
in  attaining  design  shock  levels,  then  based 
on  Figure  22B  columns  of  rectangular  cross- 
section  should  have  periods  greater  than  6  msec. 
In  other  words,  the  lateral  frequency  should 
he  no  more  than  about  167  hertz,  if  eolumna 
are  to  remain  elastic.  If  permanent  sat 
were  allowed,  then  advantage  could  be  taken 
of  plasticity  in  the  column  section.  But 
this  is  beyond  the  scope  of  this  report. 

The  latural  frequency  (f)  of  e  pinned, 
unloaded  column  is; 


f 


it 
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where  t  is  the  column  length 

r/f  is  the  Inverse  of  slendsrness  ratio 

and  c0  is  the  acoustic  velocity  of  the 
column  material;  for  steel  ami  aluminum 
c0  ■  1%,500  in/sec 

Taking  f  *  167  hurts  as  the  maximum 
frequency  a  column  may  have  and  not  buckle 
elastically,  we  may  calculate  a  threshold 
for  buckling  as  a  function  of  slenderness 
ratio  and  the  length  of  a  colimn.  This  appeara 
In  Figure  26. 


Columns  whose  frequencies  are  lower  than 
167  hart*  fall  above  the  solid  curve  and  will 
not  buckle,  those  below  the  curve  will 
buckle,  If  they  experience  an  (INDEX  load 
equal  to  Its  Euler  capacity.  The  curve  does 
not  apply  to  UNDEX  attacks  fro*  nuclear 
explosions;  the  durations  from  those  explosions 


can  be  much  more  than  6  msec.  Note  that  these 
tests  were  performed  on  long  columns  whose 
axial  strain  were  well  below  yield  and  whose 
whose  slenderness  ratios  were  greater  than  90; 
this,  coupled  with  a  decided  eccentricity. 
Insured  a  bending  failure  in  the  fundamental 
mode  of  motion  of  the  column. 

Below  are  some  further  notes  of  caution 
and  limitations  regarding  the  buckling 
threshold  of  Figure  24.  The  curve  assumes 
a  material  at  least  as  strong  as  HY-80; 
that  tho  applied  load  is  no  more  than  the 
Euler  load;  that  axial  yield  strain  does 
not  obtain;  that  duration  of  the  foundations 
motions  is  no  more  than  6  msec;  that  eccentri¬ 
city  is  less  than  2  percent;  and  that  the 
cross-section  is  rectangular.  Furthermore, 
the  curve  does  not  reflect  strains  brought 
on  by  the  residual  bending  of  the  column. 

That  is,  the  column  may  still  have  a  lateral 
buckling  velocity  after  the  applied  load  has 
dissipated;  this  Induces  further  strains  that 
are  not  accounted  for  in  these  tests.  Hence, 
this  curve  must  be  considered  Incomplete  for 
load  condition  R  ■  1.  Note  again  that  static 
loads  could  seriously  Influence  tho  dynamic 
buckling  capacity  of  columns. 

Finally  with  a  vary  short  column  the 
predominant  mode  of  failure  is  typically  com¬ 
pression  on  the  column  section.  Bending  is 
of  little  or  no  concern,  at  laast  Initially. 

In  between  the  very  short  and  the  long  columns 
the  effect  of  compression  and  binding  la  a  com* 
plicstsd  mode  of  failure.  Therefore,  the  results 
of  these  tests  should  be  taken  ae  tentative  with 
respect  to  short  columns. 

COMPARISON  OF  THEORETICAL  AND  EXPERIMENTAL 
RESPONSE 

Flgurt  25  la  a  plot  of  response  (y */y«)  to 
duration  ratio  (D/T).  When  R  »  1/2  tne 
responses  reach  a  maximum  of  y _/y.  ■  1.9  at 
6/T  »  0.75.  As  it  happens,  the  polnte  fell 
near  e  theoretical  reeponee  line  derived  for 
a  column  subjected  to  a  triangular,  sero  rite 
time  loading  pulse.  Response  dots  when  R  •  1 
is  also  plotted  here,  end  It  appears  more  or 
leas  a*  scatter  to  the  high  side  of  the  theo¬ 
retical  response  curve  for  a  triangular  pules. 
And  while  there  is  no  rigorous  relationship 
between  the  test  data  and  the  theoretical 
curves  in  Figure  25A,  the  test  data  supports 
theory  in  that  there  is  a  maximum  lateral 
deflection  of  a  eolnmn  when  R  *  1/2.  7  Also 
It  supports  the  rising  slope  of  response  when 
R  *  1,  as  theory  Indicates  in  Figure  25A. 
However,  reference  7,  another  work  on  a  con¬ 
stant  suddenly  applied  force  on  a  column, 
indicated  that  a  leveling  off  occurs  when  R  *  1. 

Figure  25B  stows  a  plot  of  the  tost  data 
scattered  about  a  curve  developed  for  s 
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Time  Ratios 


there  are  three  variables  so  that  any  response 
can  be  theoretically  ascribed  to  any  of  the 
three.  Figure  19  shows  shallow  sloped  curves 
for  the  responses  of  these  columns  to  changes 
In  stoutness  ratio  A /£,  The  curves  Indicate 
that  strain  and  deflections  Increase  as  A/£z 
Increases.  But  slenderness  ratio  also  changed 
(188  to  90)  and  frequency  changed  from  83  to 
269  hertz.  Note  that,  when  the  responses 
(ya/yj)  for  remaining  columns  (1,  ?,  4,  5  and 
7)  are  also  plotted,  all,  except  that  for  No. 
7,  are  grouped  near  the  response  of  column 
No.  3;  see  Figure  19A.  Within  this  grouping 
the  response  Is  about  the  same  despite  the 
variations  in  their  slenderness  ratio  (226 
to  312)  or  frequencies  (32  to  42  hertz), 
suggesting  that  the  change  In  response  between 
columns  3  and  6  are  predommlnantly  due  to  the 
changes  In  their  A /l*  values  and  not  In  their 
it r  ratios  or  frequencies.  Note  also  that 
eccentricity  effects  are  low. 

As  to  the  response  of  column  7,  Table  8 
shows  that  the  actual  applied  load  on  the 
column  was  70  percent  of  its  Euler  capacity 
(R  -  0.712),  and  Table  4  shows  that  this  load 
lasted  114  msec.  For  comparison,  column  S  was 
loaded  at  about  42  percent  of  Its  Euler 
capacity  and  for  a  duration  of  84.8  msec 
which  Is  of  course  shorter  than  for  column  7. 
If  all  things  were  linear  and  snd  the  load 
on  column  7  was  the  same  as  on  No.  S,  then 
the  response  of  column  7  might  reasonably 
be  expected  to  drop  according  to  the  load 
and  duration  rat lot,  or  from  y_/y,  ■  4.15 
to  about  4.15  x  .45/0.712  x  04/114,  or  y  /y, 

•  1.9)  this  is  wall  within  tha  grouping 
of  columna  1  thru  5  in  Figure  19A. 

Figure  19B  shows,  for  load  conditions 
R  ■  1/2,  th*  banding  strains  of  columns  3 
snd  6  versus  their  A/£z  ret  lot-  Just  as 
deflections  Increase  with  increasing  )Jl2 
ratios,  here  too  strains  increase  hut  at  e 
relatively  slower  ret*  then  the  deflections. 

In  fact  the  strain  curve  in  Figure  19B  indi¬ 
cates  that  once  past  A /tg  -  2.5  x  10  ,  which 
is  e  relatively  long  and  thin  column,  that 
bending  strains  riee  very  alowly.  For  the 
material  of  this  teat  sy  -  3600nln/in,  and 
that  value  is  reached  when  kft*  *  100  x  10"* 
which  indicates  a  very  short,  etout  column. 

The  strain  data  for  tha  other  columns 
show  considerably  more  scatter  than  did  appear 
in  the  deflection  curve  in  Figure  49A.  The 
scatter  Is  undoubtedly  due  to  the  changes 
In  the  section  properties  of  those  columns. 

Baaed  on  Figure  19  it  scent  stoutness 
has  it*  moat  effect  on  deflection  end  bending 
strain  whan  coliams  are  relatively  long.  For 
relatively  short  columns  it  ha*  little  signi¬ 
ficance  on  bending  strains. 


This  section  looks  at  several  nondlmenslonal 
time  variables.  They  are  t_c Jt,  tr/T,  and  9/T. 
The  variables  tf/T  and  tfc Jl  were  obtained 
from  equation  2  by  Inspection;  6/ T  Is  also 
obtained  by  Inspection  after  adding  8  to  the 
list  of  significant  physical  variables. 

Figures  20  and  21  show  plots  of  the 
deflection  responses  y  /y^  and  the  rise  time 
variables  tyc  /lari  tr/T.  The  figures  indicate 
for  load  condition  R  -  1/2  that  ym/y,  reaches 
a  maximum  of  about  1.8  which  Is  consistent  with 
previously  shown  data.  When  the  Euler  load  Is 
exceeded,  however,  duration  Is  a  critical  factor 
In  what  the  maximum  response  of  a  column  will 
be;  obviously  the  longer  the  Euler  load  Is  ex¬ 
ceeded  the  greater  will  be  the  deflection, 
regardless  of  the  length  of  the  rise  time.  Thus, 
the  yB/yj  VS.  time  curves  in  Figures  20 
and  2i  are  misleading  with  respect  to  their 
general  applicability  to  columns.  They  are 
valid  only  under  conditions  of  these  tests. 

Since  durations  are  significant,  let  us 
use  for  time  the  ratio  of  duration  to  period 
(8/T)  and  for  response  use  both  deflection 
(y_/yi)  and  bending  strain.  Figure  22A  shows 
deflection  against  duration  ratio  for  actual 
load  conditions  R  *  0.55  and  R  «  1.2;  the 
data  Is  for  columns  2,  3,  4  snd  6;  they  have 
eccentricities  of  lesa  than  2  percent.  Whan 
R  ■  0.55  the  deflection*  are  shown  as  leveling 
off  to  about  *  2.0  as  duration  Increases 
to  6  times  the  period.  When  the  Euler  load  la 
exceeded,  or  here  R  -  1,2,  the  deflection* 
Increase  wonotonicelly  with  Incrstsing  duration 
ratio.  The  usefulness  of  Figure  22A  lie*  in 
it*  epplicsblllty  to  columns  of  sny  cross- 
ssetion.  But  dsfltetion  alone  do«n  not  Indicate 
If  a  column  ie  actually  collapsing;  strains 
would  seem  to  be  better  In  this  respect. 

Figure  22B  shows  bending  strains  against 
duration  ratio  for  load  condition  R  *  0.35  and 
R  •  1.2.  In  the  figure  we  can  see  that  when 
R  «  0.55  tha  strains  appear  to  be  leveling  off 
to  about  2000  uin/in  ae  duration  increases  to 
6  times  tha  period.  On  the  other  hand,  when 
I  >  1,2  strains  for  in  excess  of  yield  obtain. 
That  yield  strain  obtained  wee  expected,  since 
the  Euler  load  wee  exceeded;  but  what  ie  note¬ 
worthy  is  the  greet  eensitivity  of  strain 
to  relatively  email  changes  In  the  ratio  of 
duration  to  period.  This  agree*  with  theoreti¬ 
cal  work  of  referents*  5,  6  and  7  even  though 
those  work*  deal  with  other  loading  function*. 

The  curve  of  Figure  22B  suggests  that  to  avoid 
a  precipitous  rise  in  strain,  rectangular  column* 
should  have  periods  equal  to  or  more  than  tha 
duration  of  the  loading. 

If  we  re-ploc  Figure  228  to  include  other 
•train  data,  such  as  from  columns  1,  $,  and  7, 


sinusoidal  loading  on  a  column.^  And,  In  general 
one  could  conclude  that  this  theoretical  curve 
could  be  used  with  some  confidence  to  predict 
motions  of  these  columns  when  subjected  to  a 
triangular  pulse  of  a  finite  rise  time,  having 
a  peak  equal  to  the  Euler  load  of  the  column. 

Figures  26  and  27  are  comparisons  between 
the  experimental  response  histories  of  four 
of  the  seven  test  columns  with  those  histories 
derived  from  theory.  The  theoretical  equations 
were  taken  from  reference  4  and  are  shown 
below: 


v/v  -1-R  cos  «t  (5) 

•  '  1  -n 


where  u  is  2n/T 


In  the  case  of  a  load  condition  less  than 
Euler  load  (R<1),  the  theoretical  equation 
overestimates  the  actual  response  by  a  factor 
of  about  2;  note  also  that  the  peaks  do  not 
appear  to  be  In  phase  probably  because  of  the 
rise  time  In  the  test  loads. 

In  the  case  of  R  ^l.O,  theory  usually 
overestimates  test  data  but  the  phase  appears 
about  the  same.  Rise  times  were  lass  here 
than  whan  R  ■  1/2.  Finally,  theory  and  teat 
data  ara  approximately  equal  for  a  time  up 
to  about  10  parcant  of  the  period  of  en 
unloaded  column. 

DURATION  OF  LOAD 


Flguras  28  end  29  are  plett  of  the  period 
to  duration  ratio  as  a  function  of  alendsmss 
ratio  ( Ur)  and  load  ratio  (*)»  Valuea  for 
period  T  and  duration  0  ware  drawn  from  tel lee 
1  and  4,  respectively.  Figures  28  shows  that 
duration  was  affected  by  the  stiffness  of 
the  column.  On  the  other  hand,  Figure  29 
shows  that  duration  can  have  various  values 
for  essentially  tha  ease  load  rat, lot  thla 
means  that  duration  depanda  on  othtr  factors 
betide*  R,  such  as  elendernee*  ratio.  In  UNDER 
attacks  against  Navy  thlpa  tha  duration  of 
the  applied  load  depends  on  thn  weapon  and 
^attack  geometry.' 

CONCLUSIONS 

1.  From  the  evidence  of  theory  and  thtae 
experimental  results,  a  pinned  column  sub¬ 
jected  to  a  dynamic  load  equal  to  1/2  tha 
Euler  eepeclty  of  the  column  will  not  buckle 
provided  tha  column  can  elastically  withstand 


a  lateral  deflection  twice  the  Initial  eccen¬ 
tricity.  At  zero  eccentricity  a  column  will  not 
buckle. 

2.  Dynamic  compression  loads  as  low  as  70 
percent  of  the  Euler  capacity  a  column  can 
effect  yielding  strains  In  a  column,  and  hence 
bring  on  an  Incipient  buckling  condition. 

3.  A  column  subjected  to  a  dynamc  load  equal 
to  its  Euler  capacity  must  be  considered  In 

an  a  priori  buckling  situation.  The  seriousness 
of  the  situation  nay  diminish  us  slenderness 
and  as  eccentricity  Increases.  But  to  take 
advantage  of  these  factors  requires  extensive 
date  on  duration  of  motions  of  foundations 
on  modern  ships  when  subjected  to  severe  shock 
levels  from  conventional  explosives.  Having 
neither  extensive  nor  certain  data  on  durations, 
columns  designed  to  carry  e  dynamic  load  equal 
to  its  Euler  load  Invite  collapse. 

4.  The  theoretical  work  cited  in  this  report 
have  not  been  rigorously  validated  becuse  the 
loading  function  in  these  tests  have  a  rise  time. 
However,  the  experimental  curves  developed  for  an 
applied  load  half  the  Euler  capacity  corroborate 
theoretical  predictions  on  the  lateral  motions 

of  buckling  coltmins. 
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DISCUSSION 


•  1 


•ft 


Voice:  In  the  present  design  environment  many 
use  a  handbook  and  find  the  allowable  static 
load  on  a  column.  But  they  are  concerned  with 
shock  response,  and  they  want  it  to  be 
translated  into  stress  based  on  the  static 
reliability  function.  Did  you  say  the  dynamic 
load  should  be  lass  than  half  of  the  standard 
static  load? 

Mr.  Ready:  If  you  design  a  column  so  that  you 
allow  only  5056  of  its  Euler  load,  it  probably 
won't  buckle.  You  certainly  have  to  look  at  its 
eccentricity  and  strength  to  know  whether  it  is 
in  a  strained  condition  so  that  buckling  can't 
take  place.  If  you  have  a  static  weight  on  the 
column,  it  may  withstand  motion  for  a  while,  but 
that  static  weight  may  continue  to  collapse  the 
column.  This  is  a  guide  to  steer  your  way 
through. 

Voice:  What  was  the  pulse  width  of  your  dynamic 
load,  the  peak  load? 

Mr.  Ready:  The  longest  duration  was  about  ISO 
milliseconds,  and  that  was  for  50?  Euler  load. 
That  was  the  longest  I  could  get.  The  durations 
would  drop  down  to  U—6  milliseconds  for  greater 

loads. 

Voice:  Could  you  have  higher  loads  for  20-30 
mUliseconds? 

Mr.  Ready:  I  could  get  a  longer  duration  with 
the  lower  load.  It  was  Just  in  the 
characteristics  of  the  styrofoam  pad. 

Voice:  Is  this  to  be  used  for  design 
guidelines? 

Mr.  Heady:  I  don't  know  whether  the  Navy  will 
officially  adopt  it. 

Voice:  What  was  the  major  reason  for  the  higher 
prediction  as  opposed  to  the  experimental 
results? 

Mr.  Ready:  It  was  a  different  loading.  I  used 
a  step  pulse  in  the  analysis.  We  used  a  ramp 
pulse  in  the  test.  It  didn't  make  any 
difference  on  the  long  duration  triangular  pulse 
because  they  converged. 

Mr.  Rasdekas  Would  you  comment  on  the 
preloading  of  the  column? 

Mr.  Beady:  l  had  it  as  ene  of  the  terms.  I  Had 
y  to  account  for  static  or  dead  weight  on  the 
column,  but  1  didn't  investigate  that.  1  looked 
at  the  particular  weight  that  I  used.  In  ay 
case,  it  made  about  a  104  difference  compared  to 
what  it  would  Have  been  with  sera  weight.  You 
h*ve  to  be  careful  if  you  are  designing  a 
column,  with  a  static  load;  it  ean  affect  it. 
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Figure  3a  ■  Post  Test  Photograph  of  Columns 
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Figure  3b  ■  Post  Test  Photograph  of  Columns  (continued) 
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Figure  4  -  Typical  Acceleration  History  From  Impact  of  Drop  Weight  on  Crushable  High  Density  (3.4  Ib/’ft3)  Styrofoam  Block 
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COLUMN  1  TEST  IE 


/ 


COLUMN  4  TEST  2A 


Figure  6  •  Response  Histories  of  Column  4  to  Drop  Weight  R  *  1/2,  Test  2A 
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Figure  8  ■  Plots  ol  Deflection  Histories  of  Selected  Columns 
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DEFLECTION 


Figure  to  •  Maximum  Horixontal  Column  Raapomttvt.  Ecoantfkity  Ratio  Whan  t/r  ■  3125 


DISPLACEMENT  «h  ON) 


P  -  APPLIED  LOAD 
P£-  EULER  LOAD 
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NOTE;  ABOVE  STRAINS  CORRECTED 
POR  AXIAL  LOAD  «b  '  «b  (MEAS.I  +  «A  (CALCULATED) 
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Figure  14  •  Midpoint  Bending  Strcin  vi.  Sienderntu  Ratio 


LOADING  CONDITION 
R  1/2 


YIELD  STRAIN  (BENDING)  mIN/IN* 


ECCENTRICITY  V|/*-* 

Figure  15  •  Lateral  Deflection  Related  to  Eccentricity,  Slenderneu  Ratio  &  Onset  of  Yielding  •  R  *  1/2 
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Figure  16  -  Lateral  Deflection  Related  to  Eccentricity,  Slendarneu  Ratio  &  Omet  of  Yielding  •  R  »  1.2 


Figure  ^Relationship  of  Strain  to  Response,  Slendarneu  Si  Eccentricity  of  Columns  when  R  ■»  1/2 


Figure  18  •  Relationship  of  Strain  to  Rsaponis,  Slendarneit  &  Eccantrloity  of  Columns  whan  R»1 


STOUTNESS  A /»*  X  10-4 


Figure  19  •  Deflection  &  Streln  Related  to  Stoutneu  Ratio,  R  a  1/2 
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Figure  21  •  Maximum  Horizontal  Dtflaotioni  vi.  Accalaration  Rlia  Tima 
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Figura  22  •  Maximum  Horizontal  Daftactlon  vt.  Ratio  Duration  to  Ptrlod  (0/T) 


0 


10 


J  4  0  0 

DURATION  4/T 

Rgui*2<?  *  Auk  BtndtniStniniw.  Ratio  DuittiM  to  NriodtO/T) 


at 


Fi*urt  23  *  fUptot  R*w«  28  to  liteMi  Alt  Oft  and  «k  Otto 


Flgur*  24  •  Buckling  Boundary  at  a  Function  of  Slandarneu  Ratio  &  Column  Length 
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Fi***  5# » f*H  Dim Hotted  Aptaft  Somo  Thtomkil  Column* 
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TABLE  1  -  COLUMN  GEOMETRY  AND  PROPERTIES 


Property 

Column 

1 

2 

3 

4 

5 

6 

7A* 

7B* 

7C* 

Length  (in.) 

45.0625 

32.625 

20.375 

45.0625 

44.875 

13.0625 

40.875 

40.875 

40.875 

Sides  (in.) 

1x1/2 

1/2x1/2 

3/8x3/8 

1x1/2 

1x1/2 

1/2x1/2 

3/8x3/8 

3/8x3/8 

3/8x3/8 

Area  (in.^) 

0.5 

0.25 

0.1406 

0.5 

0.5 

0.25 

0.1406 

0.1406 

0.1406 

Inertia  (in/*) 

0.01042 

0.0052 

0.00165 

3.01042 

0.01042 

0.0052 

0.00165 

0.00165 

0.0015 

Radius  Gyration  (in.) 

0.1443 

0.1443 

0.108 

0.1443 

0.1443 

0.1443 

0.108 

0.108 

0.108 

Offset  (in.) 

0.3125 

0.625 

0.343 

0.8125 

1.6875 

0.219 

0.875 

0.875 

0.934 

Frequency  (hertz) 

22.3 

43.1 

82.7 

22.3 

22.3 

268.7 

20.5 

20.5 

20.5 

Euler  Load  (lb.) 

506.5 

482.2 

392.2 

506.5 

506.5 

2973.0 

97.5 

97.5 

97.5 

Slenderness  Ratio 

312.3 

226.1 

188.7 

312.3 

312.3 

90.6 

378.5 

378.5 

378.5 

Eccentricity  Ratio 

0.00643 

0.0192 

0.0168 

0.018 

0.0376 

0.01105  0.0214 

0.0214 

0.0228 

•Refers  to  Test  Nos.  7  A,  7B.  7C. 


TABLE  1A  -  ALTERED  COLUMN  ECCENTRICITIES  (y,) 


Column 

1 

2 

3 

4 

5 

8 

7* 

7” 

Static  Load  (lbs.) 

17 

17 

30 

17 

17 

30 

17 

17 

Vi  (In.)  Altered 

0.3236 

0.648 

0.372 

0.8406 

1.7465 

0.221 

1.06 

1.13 

•Test  7A  awl  7B. 
••Test  7C. 


TABLE  2  -  LISTING  OF  TESTS  AND  NOMINAL  TEST  CONDITIONS 


COLUMN 

TEST  NUMBER 

R*  *  1/2 

R*  *  10 

R*  *  Other 

1 

IE 

2i 

8(8-10) 

2 

4A 

48 

3 

SA 

68 

NA 

4 

2A 

28 

NA 

5 

3A 

38 

NA 

6 

68 

ec 

6A  (R  - 1/10) 

7 

7A 

NA 

7B  |R  “2) 

7Cm»8) 

•Nominal  values  of  mini  ot  applied  load  (P)  to  column  Euler  Load  (Pg):  R  -  P/Pg. 
NA  -  Not  Applicable. 
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TABLE  3  -  COLUMNS  GROUPED  ACCORDING  TO  NON-DIMENSIONAL  VARIABLES 


GROUP  1 

COLUMN 

VARIABLES 

CONSTANTS 

1 

4 

Yj/C 

A/82,  8/r,  Tcq/8 

5 

GROUP  II 

COLUMN 

2 

4 

8/r.  Tc0/6 

Yj/8,  A/82 

GROUP  III 

COLUMN 

3 

6 

A/82.  8/r,To0/8 

V|/8 

TABLE  4  -  ACCELERATION  DATA  OF  MASS  IMPACTING  ON  COLUMNS 


Column 

R*  ■  1/2 

R'«1 

Ao 

*r 

9 

'N> 

«r 

9 

1 

1.01 

71 

67.0 

213 

3.6 

63.6 

2 

1.12 

12.7 

621 

218 

61 

281 

3 

1.09 

101 

71,0 

2.07 

61 

161 

4 

1,01 

8.7 

711 

2.76 

3,7 

181 

6 

0J0 

12.0 

841 

210 

31 

131 

6 

0.11 

91 

271 

121 

4.7 

71 

7 

011 

10.4 

114.0 

NA 

Aee»t«»tion 
Rh*  Yin* 

Duration 
•Nominal  Value  of  R 
NA  -  Not  Applicable 


-  AJ|‘*) 

-  t/lmtee) 

-  » Imioe) 


2.71 


1.13 


1.0 


R  *  Other 


*r 


R-1 

6.3  33 1 

NA 

NA 

NA 


R  ■  1/10 
0.4  90.6 

R«2 

81  21.6 


TABLE  S  -  PEAK  COLUMN  STRAIN  AND  DISPLACEMENT  DATA,  R  =  1/2  (NOMINAL) 


Column 

eA 

V 

eb 

B9 

6y 

*r 

1 

104 

NA 

396 

19.5 

0.28 

35.0 

2 

319 

7.8 

343 

10,5 

0.42 

10.5 

0.0 

3 

128 

6.8 

1583 

25.0 

0.32 

13.0 

4 

49 

NA 

1154 

27.0 

0.67 

26.0 

5 

48 

2.0 

2107 

45.0 

1.13 

45.0 

6 

• 

NA 

1884** 

9.0 

026 

0.12 

20 

7 

201 

5.5 

3671 

75.0 

3.34 

92.0 

1.26 

92 

NOTE  -  Values  lifted  above  occur  at  time  t  <0 


NA  -  Not  Applicable 

•Gage  effected  by  bending  of  column,  calculated 
strain  *  P/AE  ■  727  pin/in 

**«b  "  IMm*>  +  eaxlal  (calculated) 

«b- 1159*  727  -1884  pin/in 


eA  -  Axial  strain  pin/in  (Comp.) 

«b  -  Banding  Strain  pin/in  (Ten.) 

6b  -  Midpoint  Displacement  In 

5V  -  End  Point  Displacement  in 

t,  -  Rise  Time  msec 


TABLE  «  -  PEAK  COLUMN  STRAIN  AND  DISPLACEMENT  DATA  R  -  1  (NOMINAL) 


Column 

«A 

‘r 

«b 

«r 

»h 

■m 

6y 

■■ 

1 

340 

6J5 

3000 

616 

261 

616 

0.70 

61.6 

2 

814 

-  4 

3891 

225 

261 

226 

058 

225 

3 

1042 

25 

6969 

115 

1.1 

106 

0.61 

106 

4 

212 

65 

1100 

115 

166 

115 

06 

06 

5 

12S 

4.6 

Ills 

126 

061 

125 

0.33 

125 

8 

•  ■ 

NA 

19929 

36 

165 

36 

0.23 

35 

NOTE  -  Vetoes  listed  above  occur  et  time  t  vi  o 

NA  ~  Not  Applicable  aA  -  Axial  strain  ptn/in  (Comp) 

•  -Effected  by  banding  in  column  ib  “  Banding  Strain  pin/in  (Tan) 


“  Midpoint  Oitplecament  in 
4y  “  End  Point  Displacement  in 
I,  “  Risa  Tima  msec 


TABLE  7  -  PEAK  COLUMN  STRAIN  AND  DISPLACEMENT  DATA  R  =  OTHER 


Column 

R  (Norn.) 

eA 

*r 

eb 

V 

*h 

V 

1^1 

1 

1 

169 

4 

2514 

26.5 

2.17 

26.5 

1.21 

26.5 

6 

1/10 

484 

13 

312 

12.5 

NA 

0.0 

NA 

7 

2 

242 

3 

1183 

21.5 

1.15 

13.0 

0.39 

13 

8 

685 

7 

2622 

7.0 

0.03 

1.0 

0.0 

NA 

NA  -  Not  Applicable 
<?A  -  Axiel  Strain  pin/in 
(*b  -  Bending  Strain  pin/in 


NOTE-  Values  listed  above  occur  at  time  t  <0 

5h  -  Midpoint  Displacement  in. 
5V  -  End  Point  Displacement  in. 
tr  -  Rise  Time  msec 


TABLE  8  •  LIST  OF  NON-DIMENSIONAL  COLUMN  VARIABLES  R  “  1/2 

Column 

VMAX^I 

V|/« 

(t/r)2xPE/AE 

«/r 

tw* 

t*r/T  x  10'3 

R  (Actual) 

A/t2 

on 

1 

1.866 

7.18x10*2 

9.89 

312.5 

32.7 

0.1673 

0.45 

2.462x10*4 

1.52 

2 

1.644 

19.86x10*® 

996 

226.1 

76.48 

0538 

052 

2249X10*4 

225 

3 

1.849 

189  xlV® 

9.93 

188.7 

10125 

0.8685 

0.623 

3.38  x10*4 

645 

4 

1.794 

18.65x11*® 

999 

3125 

3793 

0.1786 

0.46 

2.463X10*4 

1.62 

6 

1.647 

38.9  xll*® 

9.89 

312.5 

62.54 

02455 

0.423 

2,483x10*4 

192 

6 

2.18 

1892x11*® 

9.74 

905 

13897 

2281 

0.611 

1.485x10*® 

79 

7 

4.16 

26.93x10*® 

9.94 

3785 

4999 

0.197 

0.712 

8.415x10*® 

2.34 

%  -  rates  to  acceleration  rite  time. 

TABLE  4  - 

LIST  OF  NON-DIMENSIONAL  COLUMN  VARIABLES  R  -  1 

Column 

vmaxM 

V|« 

l«/f)2  X  Pe/AE 

ift 

t*r/T  x  10*® 

R  (Actual) 

A/t2 

on 

1 

9.07 

3125 

1699 

0990 

1.12 

0.76 

2 

4.102 

226.1 

33.12 

0237 

1.11 

123 

3 

396 

eer  TAH1  C  ft 

198,7 

60.141 

0.430 

153 

SEE 

129 

4 

tit 

Wfc  IAOLCO 

3125 

1794 

0993 

122 

TABLE  8 

0429 

S 

192 

3125 

17.08 

0.087 

191 

091 

6 

5.751 

905 

7099 

1263 

092 

2.02 

■tf  -  rates  to  acceleration  rite  time. 

TABLE  10  -  LIST  OF  NON-DIMENSIONAL  COLUMN  VARIABLES  R  -  OTHER 

Column 

VMAXty 

v<K 

R/r)2  x  Pg/AE 

We 

»*V< 

tyr  x  10*® 

R  (Actual) 

A/t2 

on 

1 

7.71 

7.18x10*® 

998 

3125 

32/7 

0.118 

120 

2.462x10*4 

0.76 

1 

10 

1892x10*® 

9.74 

905 

09 

09 

099 

146  xIO*3 

259 

2.0*5 

2693x10*® 

994 

3795 

425 

0.167 

22 

•41  x  10** 

0444 

# 

1.03 

27.64x10® 

994 

3786 

29 

0.114 

7.9 

9.41  x10s 

0.126 

*tf  -  rates  tn  acceleration  rise  time. 
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URGE  DEFLECTION  RANDOM  RESPONSE  OF  SVMMETRIC 


LAMINATED  COMPOSITE  PUTES 


K.  R.  Wentz,  D.  B.  Paul 
Air  Force  Wright  Aeronautical  Laboratories 
Wright-Pat terson  Air  Force  Base,  Ohio 

and 


C.  Mei 

Department  of  Mechanical  Engineering  and  Mechanics 
Old  Dominion  University 
Norfolk,  Virginia 


Large  amplitude  response  of  symmetric  laminated  rectangular  plates 
subjected  to  broadband  random  acoustic  excitation  is  studied  analyti¬ 
cally.  The  boundary  conditions  considered  are  all  the  edges  simply 
supported  and  alt  the  edges  clamped.  The  inplane  edge  conditions 
considered  are  immovable  and  movable  for  each  of  the  above  cases. 
Mean-square  deflections,  mean-square  strains,  and  equivalent  linear 
frequencies  at  various  acoustic  loadings  are  obtained  for  [0, 
and  [Q,  +6},  90]g  graphite-epoxy  laminates.  The  analytical  results 
are  verified  through  comparison  with  experimental  data.  The  results 
obtained  can  be  used  in  the  tonic  fatigue  design  of  composite  air¬ 


craft  panels. 


INTRODUCTION 

The  need  to  improve  sonic  fatigue  resistance 
of  aircraft  structures  has  become  increasingly  . 
important  as  a  result  of  military  and  commer¬ 
cial  demands  on  current  and  future  airplane 
designs.  A  significant  number  of  theoreti¬ 
cal  [1-6 ]  and  experimental  investigations  [7-12] 
on  the  sente  fatigue  design  of  aircraft  struc¬ 
tures  have  been  undertaken  during  the  past 
several  years  to  help  provide  the  needed  reli¬ 
ability.  the  majority  of  analytical  investi¬ 
gations  to  date  have  been  formulated  within  the 
framework  of  linear  or  small-deflection  struc¬ 
tural  theory.  Test  results  [3,  7,  9-12]  on 
various  aircraft  panels  have  shown  that  high 
noise  levels  in  excess  of  US  dS  produce  non¬ 
linear  behavior  with  large  deflections,  the 
linear  analyses  often  predict  the  root-mean- 
square  (RMS)  deflection  and  RHs  stresses  well 
above  those  of  the  experiment,  and  the  fre¬ 
quencies  of  vibration  well  below  those  of  the 
experiment  [$,  7,  9,  il,  123.  U  it  well  known 
that  the  prediction  of  sonic  fatigue  life  is 
based  on  Wi§  stress  and  predominant  response 
frequency  in  conjunction  with  the  stress  versus 
eyeie  to  failure  (s-N)  data.  Therefore,  the 
use  of  linear  analyses  results  in  a  poor 
estimation  of  panel  service  life. 


High  strength  and  high  modulus  fiber- 
reinforced  composite  materials  are  under  devel¬ 
opment  for  use  on  aircraft.  Many  of  these 
composite  structural  components  are  exposed  to 
high  intensity  noise  fields  and  are  therefore 
subject  to  sonie  fatigue,  In  the  present 
paper,  the  large  deflection  response  of  symmet¬ 
ric  laminated  rectangular  panels  subjected  to 
broadband  random  aeoustic  excitation  is  studied 
analytically.  The  nonlinear  equations  of 
motion  for  symmetric  laminates  are  derived  in 
terns  of  a  stress  function,  F,  and  a  lateral 
displacement,  U.  Due  to  the  complex  nature  of 
the  problem,  the  study  is  restricted  to  single 
node  response.  A  deflection  function  repre¬ 
senting  the  first  mode  is  assumed.  Correspond¬ 
ing  to  the  assumed  mode,  a  stress  function 
satisfying  the  different  inplane  edge  condi¬ 
tions  is  obtained  by  solving  the  compatibility 
equation.  A  modified  dalerkin's  method  is  then 
applied  to  the  governing  equation  of  motion  to 
yield  a  nonlinear  time-differential  equation. 
Assuming  that  llie  excitation  is  Gaussian,  the 
equivalent  linearisation  method  [13]  is  em¬ 
ployed  in  order  to  linearise  this  equation. 

An  iterative  procedure  is  introduced  to  obtain 
RMS  amplitude  and  equivalent  linear  (or  non¬ 
linear)  frequency  at  various  acoustic  loadings 
for  to,  S43J*  and  [0,  *43,  W]*  graphite-epoxy 
laminates.  IMS  strains  are  also  obtained  as 
functions  of  RMS  amplitude  and  at  locations  of 


W 


interest.  Solutions  are  developed  for  the  out- 
of-plane  boundary  conditions  of  all  edges  sim¬ 
ply  supported  (SSSS)  and  all  edges  clamped 
(CCCC).  Two  inplane  edge  conditions  considered 
are  inmovable  and  movable  for  each  of  the  above 
cases . 

The  accuracy  of  the  analytical  method  is 
investigated  thru  a  quantitative  comparison 
with  experimental  data.  Experimental  response 
data  for  [0,  iASjj  graphite-epoxy  laminates 
from  a  previous  Air  Force  sponsored  program  are 
compared  to  the  analytical  results.  The  com¬ 
parison  demonstrates  that  a  better  correlation 
between  theory  and  experiment  is  achieved  when 
the  large  deflection  effect  is  included  in  the 
formulation. 


Id 

a 

Subscripts 

c 

P 

x.y.z 

0 

1.2 


Superscripts 

k 

T 


radian  frequency 

equivalent  linear  or  nonlinear 

radian  frequency 

complementary  solution 
particular  solution 
corresponding  directions 
linear 

major,  minor  principal  material 
directions 

kth  layer 
transpose 


EQUATIONS  OF  MOTION 


NOMENCLATURE 

a,b  plate  length  and  width 

A,D  laminate  stiffnesses 

A*  inverted  laminate  stiffnesses 

Cl.C2.Dl.02  constants 
err  error  of  linearisation 

E[q2]  mean-square  of  q 

Ei.Ej  Young's  moduli  in  major  (longitu¬ 

dinal)  and  minor  (transverse) 
principal  material  directions 
f  equivalent  linear  frequency  in  Re 

F  stress  function 


In  this  section,  the  governing  equations  arc 
derived  for  a  symmetric,  angle-ply,  laminated, 
composite  plate.  Using  the  Kirchiioff  hypothe¬ 
sis  of  classical  thin-plate  theory,  the  total 
strains  can  be  expressed  as 

*  <  * * §  1 


V  "  **y  *  *  K*y 


(1) 


Fij 

constants 

The  strains  in  the  middle  surface, 
(Carman-type  geometric  nonlinearity 

C12 

shear  modulus 

H 

plate  thickness 

expressed  as 

l!(») 

K 

frequeney  response  function 
middle  surface  curvature 

*,* 

l 

mathematical  operator 

m 

mass  coefficient 

M 

resultant  bending  moment 

K.S 

n 

number  of  layers 

‘y  "  v‘>*  * 

8 

resultant  normal  force 

8 

constant 

P 

pressure  loading 

*«y  “  %  *  %  *  S  % 

...  % 

1 

§ 

nodal  amplitude  or  displacement 
reduced  stiffness 
transformed,  reduced  stiffness 

r  length-to-width  ratio 

8(?)  autocorrelation  function 

IS  nendlnensional  excitation  spectral 

density  parameter 

s(. )  spectral  density  function  of 

excitation  pressure  pi  ) 


.  Q) 


Assuming  small  slopes  (»,§  l  etc.)  as  well 
as  the  Kirchhoff  hypothesis,  the  middle  sur¬ 
face  curvatures  can  he  expressed  as 


*  . .  time 

u.v  displacements  of  middle  surface 

If  transverse  deflection 

*,y,»  coordinates 

§  nonlinearity  coefficient 

i»  ■  nondinnnsional  nonlinearity 

coefficient 
<  strain 

f  dating  ratio,  cV<^  '■ 

h  lassinatien  angle 

A  -  nondieensiohal  frequency  parameter 

•f  Poisson's  ratio 

a  plate  mass  density 

y  stress 

i(y,v)  .  ■  (unction  defined  in  equation  (1ft) 


%  •  *’n 

V  -*y 

the  plate  equations  are  obtained  by  applying 
force  equilibrium  of  an  element  of  the  kth 
layer  of  the  laminate.  integral  ing  three, 
equations  over  the  plate  thickness  h,  neglect¬ 
ing  inplane  inertia  and  rotary  inertia  terns, 
and  retaining  those  nonlinear  terns  in  accord¬ 
ance  with  the  von  Raman  assumptions,  lead  to 
the  following  equations  of  notion 

V*  *  Vy  -0  Va#,V.y*« 
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METHOD  OF  ANALYSIS 


(2f>) 


F  3  F 

P 


SIMPLY  SUPPORTED  EVCES.  Consider  a  simply 
supported,  rectangular,  symmetric  composite 
plate  of  dimensions  a,  b  with  the  origin  locat~ 
ed  at  the  center  of  the  plate.  The  boundary 
conditions  are: 


With  the  assumed  deflection  W  given  by 
equation  (21)  and  stress  function  F  given  by 
equation  (23),  equation  (15)  is  then  satisfied 
by  applying  a  modified  Calerkin's  method: 


x  ■  ia/2:  W  ■  0 

Dl,W’xx  *  DuW’yy  *  20l(W>xy  "  0 
y  •  ib/2:  W  »  0 

DU«>XX  ♦  ^jW.yy  *  20J‘W-X>.  '  0 

(20) 

For  the  inplane  condition  of  sera  shear  stress 
at  the  edges,  the  deflection  function  is 
assumed  os 


W  •  q(t )h(cos  — ")( cos  (21) 

a  b 

Substituting  equation  (21)  for  U  in  equation 
(18)  and  solving  it,  the  stress  function  is 
obtained  ns 


Jjjftohii  ♦  L}U  -  q(F,W)  -  p]  Wdxdy 

/b/2 

(M  )  .,(W,  )  .,dy 

■b/2  'xx'-i/l  ' 

/b/2 

-b/2 

/•a/2 

7-4/j  (My)y--b/2(W*y)y--b/2dx 
/•a/2 

♦  /  tM  )  )  .k»,dx  •  0 

✓  -a/2  y  ymb/2  *  y*b/2 


(27) 


P  •  F  ♦  F  (22) 

«  p 

in  which  the  particular  solution  is 


Fp  .  .  S*3j*g*4r„  cos  ^  ♦  r#l  cos  ^)(23> 

where  the  constants  F, ,  can  be  expressed  in 
terns*  of  the  laainate ‘stiffnesses  as 

•  pji(  ■ 

.  It 

'  r  *  JL 

'  " T  (24) 


The  coeplensntary  solution  Fe  will  now  be 
obtained  such  that  it  satisfies  boundary  eondl1 
tians.  For  movable  edges,  the  i  Mane  bound¬ 
ary  conditions  are 

a  •  aa/3:  •  0 

/•wa 

L>‘» *  *  • 

t  *  amt  •  o 

r  •/» 

bn**  ** 


ay  nahing  use  of  these  conditions,  it  can  be 
shown  that  Ft  is  aero  for  Movable  inplane 
edges.  Hence 


which  yields  a  modal  equation  of  the  forts 

(28) 

tm 

*;  “  ijsijy  «>u  *  «°u  • 

•  Pll)  C  M) 


and 


*i  ♦  ♦  a  q  J  » 


yl  ■  Sifii 
a  «  ob* 


•p  -  •;  f aid 

rt* 


■  • 


«*ph* 

TT“ 


where  v,  is  linear  radian  frequency,  ip  is  non¬ 
linearity  coefficient,  and  ns  isnass  coeffi¬ 
cient.  fW  linear  frequency  *?,  and  nonlinearity 
coefficient  f*  are  uottdinensional  parameters . 

For  ins**vabte  edges,  the  inplane  boundary 
conditions  or  aero  shear  stress  and  aero  oaroat 
displacement  at  the  four  edges  are 


where 


">.*■  *  -  "y.yy  *  ».«•„  *  »„«■„ 

♦  V'yy  ♦  P  “  Oh* 


where  N  and  M  are  resultant  normal  forces  and 
resultant  bending  moments,  respectively,  de¬ 
fined  in  the  usual  manner  of  classical  plate 
theory,  and  the  average  mass  density  of  the 
laminate  is  defined  by 


f  h/2 

’hX h/2  0 


dz 


(6) 


A*  ■  A 


(13) 


Nonvanishing  components  of  the  inverted  lami¬ 
nate  stiffness  A*  are  also  given  in  Reference 


16. 


The  Airy  stress  function  F  is  defined  such 

that 


^F,yy  F,xx  ”F,xy^ 


(14) 


the  distributed  transverse  load  is  simply  Using  equations  (3),  (9),  (12)  and  (14)  in 

equation  (3)  leads,  to  the  equation  of  motion  in 
the  transverse  direction  as 

(?) 

ehii  ♦  U(W  -  c(F,W)  -  p  •  0  (13) 


h/2 

-h/2 


The  constitutive  relation  for  a  sytasetris 
laminated  composite  plate  is  given  by: 


\HZ\ 

where 

»Vi»„VV 

*5T  •  i<2  •!/ 

*T  •  In,  Ky  CM. 

and  the  lawinate  stiffnesses  A  and  0  are 
■sytswetrie  matrices  defined  by  the  relations* 

(V  V  “  tv* <*•**)%  *  '<»> 


The  i|, :  are  the  t  f  iHsfeined,  refused  *»  i  fines* 
f  !*■ .  13}.  Pat  the  ?43}s  and 
(§,  ie*in4t»4  p  Ules  it  can  be  Shawn 

that. 


where 

hi  ■  t>U^V  ♦  4DlSj£r§y  ♦  2<1>12  ♦  20^6) 
♦  4t>*»Sxty?  ♦  °??3y4 


♦(P«*)  •  *»yy  B»*jt  *  **xx*'yy  ’  ^*xy^*xy 

The  compatibility  equation  is  derived 
fro*  equation  (2)  and  is  written  as 


cx,yy  *  V.**  “  ‘up.*/  *  1  ♦!**#**>  •  0 


<m 


Using  equations  (IS)  and  (14)  in  equation  (17)* 
the  compatibility  equation  in  terns. of  f  and  V 
is  given  below 


i}f  ♦  |i(h\li)  •  0 


(Id) 


where 


••w*.  *»•*  •  "" 

.StAHvaniwhing  of  a*  J>  and  are  given 

in  be defence  14.  Equation  (8)  can  be  rewritten 

ass  ’• 


.  (12)  ■ 


s  •  *«&  *  (au  *  KJWtiF  *  *n&  «♦> 


Equal lews  (13)  and  Cli)  ate  the  governing 
equations  which  wilt  be  salved  by  employing 
*%*4i  f  led  iiaterhin's  approach  and  the  equiva¬ 
lent  linearisation  netted. 


edges  of  the  plate  is  assumed  as 


x  =  ±a/2:  F,  =0 
’xy 

SS^x  *  J  W»*)dxdy  =  0 
y  *  ±b/2:  F,xy.O 

ff(&y  -  \  W,2)dxdy  «  0  (31) 

The  complementary  solution  is  assumed  as 

F  =  N  —  +  N  ^  (32) 

c  y  2  x  2 

Upon  using  relations  (12)  and  (21)  and  enforc¬ 
ing  the  conditions  of  equation  (31),  Nx,  Ny, 
and  Nxy  in  equation  (32)  are  obtained  as 

n  _  q2h2ir2  /A22  A?2  \ 

*  TCAfiAfl  -  A  *  2 2 )  \1?  ~  ~W  I 

■  1Ra^4a*7J-  (4r-%)  (33) 


W  =  (1  +  cos  ^X)(l  +  cos  222)  (36) 

4  a  b 

The  clamped  support  is  simply 

x  =  ±a/2:  W  =  W,x  =  0 

y  =  ±b/2:  W  =  W,  •>  0  (37) 

y 

Introducing  equation  (36)  in  equation  (18) 
and  solving  it,  the  stress  function  is  obtained 
as  follows 

F  -  F  +  F  (38) 

c  p 

V  -  ^  <pl0  cos  &  ♦  9n  cos  3ft 

♦  Fn  cos  cos  ♦  j?20  cos  il*  *  p02  cos  **£ 

♦  F21  cos  ~  cos  ♦  Fu  cos  cos  ^2Z)  (39) 


The  particular  solution  Fp  has  been  ob¬ 
tained  and  given  in  equation  (23).  The  total 
stress  function,  therefore,  is  F  =  Fc  +  Fp  for 
immovable  inplane  edges.  Substituting  the 
stress  function  F  and  the  deflection  W  in 
equation  (27),  the  modal  equation  is  obtained 
as  follows 


q  +  m2q  +  (8  +  8  )q3  9  2^-2!  (34) 

0  pc  m 

where 


* 


8E2hr4 


/ A22  -  2A*2r2*  A*ir4  \ 

\  *v  rls) 


The  term  8C  is  an  addition  to  the  nonlinearity 
coefficient  due  to  immovable  inplane  edges;  the 
nonlinearity  coefficient  85  is  a  nondimens ional 
parameter.  Equations  (28)  and  (34)  represent 
the  undamped,  large-amplitudo,  modal  equations 
of  simply  supported  rectangular,  symmetric 
laminated,  composite  panels  with  movable  and 
immovable  inplane  edges,  respectively.  This 
nonlinear  modal  equation  will  be  solvod  by 
employing  the  mothod  of  equivalent  linearisa¬ 
tion, 


where  the  constants  Fjj  can  be  expressed  in 
terms  of  the  laminate  stiffnesses  and  the 
length-to-width  ratio  of  the  panel  (r  ■  a/b)  as 


*10 

*01 

*1) 

F20 

*02 

F21 

F  12 


-4. 

a22 

.3 

AU*4 

■  ~r - 1 — t — : - r— 

*22  ♦  (2*12*  *6*)r2  ♦  Ajjr4 


1 


16Anrw 


■  #  •  *  ,  •  . 
I6A22  ♦  4{2A^2  *  ♦  Ajir1 

1 


*  T 


A22  ♦  *(2*12  ♦  A**)*2  *  i6*llf4 


(40) 
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Cl.MPEV  EVGES,  The  deflection  function  which 
satisfies  the  clampod  condition  on  all  four 


It  can  be  shown  that  for  movable  inplane  edge 
conditions  [eq.  (25)],  Fc  **  0.  Hence, 

F  =  F  (41) 

P 

Introducing  the  expressions  for  W  and  F,  equa¬ 
tions  (36)  and  (39),  and  applying  Galerkin's 
method: 


Using  equations  (32),  (36),  and  (39)  and  apply¬ 
ing  Galerkin's  method  yields  the  modal  equation 

q  +  w2q  +  (6  +6  )q3  (46) 

0  p  c  n  m 

where  the  additional  nonlinearity  coefficient 
due  to  immovable  inplane  edges  is 


ff[ phW  +  LXW  -  <KF,W)  -  p]Wdxdy  -  0 


yields  the  modal  equation 

'<i  ♦  ♦  6pq3  -  ^ 


2  2  e,v2 

«o  ■  *o 

pb“ 

p  .  p  Ob1* 


2  i*-4  (  S 

*o  *  fi^hV*  l3°u  *  2(0,2  4  2D*i)?2  *  »aa**lf 


*  v1* 

#p  ■  bb^T  CFxo  ♦  *oi  ♦  Fn  ♦  pao  ♦  poa 

♦  j  (pai  ♦  Fu)l  (44b> 

in  which  Mg  is  linear  radian  frequency,  dp  i« 
the  nonlinearity  coefficient,  and  m  is  the  mass 
coefficient.  The  linear  frequency  X  and  non¬ 
linearity  coefficient  S*  are  both  nondimension- 
al  parameters.  p 


m  6_  H2h2 

V  V  * 

fib1* 


8*  ■  -  »lt  / A22  -  2Ai2r2  ♦  Anr**\ 
C  8E2hr“  V  AjjAj2  -  $  ) 


Equations  (42)  and  (46)  represent  the  modal 
equations  of  undamped,  clamped,  rectangular, 
symmetric  laminates  undergoing  large  deflec¬ 
tions  with  movable  and  immovable  inplane  edges, 
respectively. 

DAMPING  FACTOR.  It  is  known  that  damping  has 
a  significant  effect  on  the  response  of  struc¬ 
tures.  The  precise  determination  of  the  damp¬ 
ing  coefficient  of  a  given  structure,  therefore, 
should  be  emphasised.  Two  methods  commonly 
used  for  determining  the  damping  characteris¬ 
tics  of  structures  are  the  bandwidth  method 
and  the  decay  rato  method.  In  the  bandwidth 
method,  the  half-power  bandwidth  (■  20  it 
measured  at  modal  resonance.  In  the  decay  rate 
method,  the  logarithmic  decrement  (■  2*0  of 
decaying  modal  response  traces  is  measured. 

The  values  of  damping  ratio  4  (-  c/e05  general¬ 
ly  range  from  0.005  to  0.05  for  the  common  type 
of  composite  panel  construction  used  in  air¬ 
craft  structures  [4,  12,  17],  Once  the  damping 
ratio  is  determined  from  experiments  or  from 
existing  data  of  similar  construction,  the 
modal  equations  [eqs.  (28),  (34).  (42),  and 
(46)]  can  be  expressed  in  a  general  form  as 


For  the  case  of  the  clamped  plate  with 
(movable  edges  the  complementary  stress  func¬ 
tion  is  assumed  as  the  form  appearing  in  equa¬ 
tion  (32).  Upon  enforcing  the  inplane  edge 
conditions^ eq^.  (31)],_it  can  be  shown  that  the 
constants  Mx,  Ny,  and  are  obtained  as 


q  *  2(ueq  ♦  u|q  +3q}  ■  (48) 

The  method  of  equivalent  linearisation  will  be 
used  to  obtain  an  approximate  RMS  amplitude 
from  equation  (48). 


M1TKO0  Of  tnUimm  LINEARIZATION.  The  basic 
idea  of  the  equivalent  linearization  method 
[13,  18,  and  19]  can  be  obtained  from  the 
linearised  equation 

q  ♦  2?W(j4  ♦  fl^q  **  (49) 


where  a  is  an  equivalent  linear  or  nonlinear 
frequency,  the  error  of  linearisation,  a 
random  process,  is 

err  ■  (w^  -  # )q  ♦  Pq3  (50) 
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which  is  simply  Che  difference  between  equation 
(48)  and  equation  (49).  The  method  of  attack 
is  to  minimize  this  error  in  a  suitable  way. 

The  usual  choice  is  to  minimize  the  mean-square 
error  E[err2],  that  is 


E[q2]  - 

4b2;wo02 


(57) 


•jljEferr2]  =  0  (51) 

If  the  acoustic  pressure  excitation  p(t) 
is  stationary  Gaussian,  is  ergodic,  and  has  a 
zero  mean.  Then  the  approximate  displacement 
q,  computed  from  the  linearized  equation 
eq.  (49)  ,  is  also  Gaussian  and  approaches 
stationarity  because  the  panel  motion  is  stable. 
Substituting  equation  (50)  into  equation  (51) 
and  interchanging  the  order  of  differentiation 
and  expectation  yield 


In  practice,  the  PSD  function  is  generally 
given  in  terms  of  the  frequency  f  in  Hz.  To 
convert  the  above  result  one  can  substitute 

ft  »  2xf 

S(ft)  -  (58) 

into  equation  (57);  then  the  mean-square  peak 
deflection  becomes 


(to2  -  ft2)E[q2]  +  8E[q4]  -  0  (52) 

which  leads  to  the  relation  b<  .ween  the  equiva¬ 
lent  linear  frequency  and  the  mean-square 
displacement  as 

SI2  ■  w2  +  36E[q2]  (53) 

E?h^ 

Dividing  both  sides  of  equation  (53)  by  ~xi7 
yields  p 

X2  •  l2  ♦  3Q*B[q23  (54) 

whore  J,2  is  a  nondimensional  equivalent  linear 
or  nonlinear  frequency  parameter  and  E[q2]  is 
the  maximum  moan-square  deflection  of  the  lami¬ 
nated  composite  plate.  The  linear^frequencies 
,V  and  nonlinearity  coefficients  g  are  given 
in  equations  (30),  (35),  (44),  and  (47)  for 
different  support  conditions. 

The  mean-square  responso  of  modal  ampli¬ 
tude  from  equation  (49)  is 

Etqa]  •  So  S(w)|H(«)|Jdu  <«> 

where  S(v)  is  the  PSD  function  of  the  excita¬ 
tion  p(t).  The  frequency  response  function 
H(w)  is  given  by 


Tor  lightly  damped  (?.  ^  0.05)  structures,  the 
frequency  response  eurves  will  be  highly  peaked 
at  the  equivalent  linear  frequency  0  (not  at 
as  in  the  small-deflection  linear  theory).  The 
integration  of  equation  (53)  can  be  greatly 
simplified  when  the  spectral  density  of  the 
excitation  is  slowly  varying  in  the  neighbor¬ 
hood  of  .1  and  S(ri)  can  be  treated  as  constant 
in  the  frequency  band  surrounding  this  non¬ 
linear  resonance  peak  fl;  then  equation  (55) 
yields 


T'CXoX*  ,  for  Simply  Supported  Edges 
32S 

iUXoX'J*  *0r  clamPed  Edges  (59) 


The  PSD  function  S(f)/2n  has  the  units  (Pa)2/Hz 
or  (psi)2/Hz,  and  S  in  equation  (59)  is  a 
nondimensional,  forcing  excitation,  spectral 
density  parameter  defined  aa 


The  equivalent  linear  frequency  parameters  X2 
in  equation  (59)  can  be  determined  through 
equation  (54). 

SOLUTION  PROCEDURE.  The  mean-square  displace¬ 
ment  E[q2]  in  equation  (57)  [or  eq.  (59)J  is 
evaluated  at  the  equivalent  linear  frequency  ft 
(or  X)  which  is  in  turn  related  to  F.[q2] 
through  equation  (53)  [or  eq.  (54)].  To  deter¬ 
mine  the  mean-square  deflection,  an  iterative 
procedure  is  introduced.  One  can  estimate  the 
initial  mean-square  deflection  E[q|3  using 
linear  frequency  through  equation  (57)  aa 


fcfog]  •  (61) 


Tills  initial  estimate  of  E[q?]  is  simply  the 
mean-square  displacement  based  on  linear  theory. 
It  can  now  be  used  te  obtain  a  refined  estimate 
of  ft.  through  equation  (53) i  ft*’  “  uj-  ♦  3flE[«t|3* 
then  E[q’j]  is  computed  through  equation  (57)  as 


.  jm\L 

4b2Ci»0q| 


(62) 


As  the  Iterative  proceas  converges  on  tho  nth 
cycle,  the  relations 
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become  satisfied.  In  the  numerical  results 
presented  in  the  following  section,  convergence 
is  considered  achieved  whenever  the  difference 
of  the  RMS  deflections  satisfy  the  relation 


*A»  ♦  A*r* 

ISA*  ♦  4<2Af  '♦  A*  )T2  +  jrp;  c<‘“  008  ^ 
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STRAIN  AND  STRESS  RESPONSE.  Once  the  RMS  dis¬ 
placement  is  determined,  the  strains  can  be 
obtained  from  eqs.  (1),  (3),  and  (12).  For 
simply  supported,  symmetric  laminates  with 
immovable  inplane  edges,  the  strains  on  the 
surface  (z  ■  h/2)  of  the  plate  are  given  by 


R7  ’  T  u  *  CM  IT*  C0i  H* 
*  ^  T  [«"*  *  aT7'  tUk 


b-  >»X  "V 

h?  <„  ■  <1  ^7  «>*  T  Ctf*  T 


jr- 


?<A»,  *  A'|',r?) 

^Af,  •  *fc>r<  ♦  AfJT-’ 


(66b) 
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For  movable  innlane  edges,  the  last  term  in 
equations  (65a)  and  (65b)  vanishes. 

For  damped,  symmetric  laminates  with 
immovable  inplane  edges,  the  strain*  on  the 
surface  of  the  plate  are  given  by: 


I?  Sy  *  «  T  <'ats  k*  »l« 

.  j2u!  L-  vi,,,  8  ,,  „  , 

(sis  ,js 

•  )SifpTBSf7h^P%T^  "***  H3  *‘»2Ss' 


*  -*f  *<« 

(66e) 

For  movable  innlane  edges,  the  last  term  in 
equations  (66a)  and  (66b)  vanishes. 
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RESULTS  AND  DISCUSSION 

Due  to  the  complications  involved  in  in¬ 
cluding  multiple  modes  in  the  analysis,  only  a 
single  mode  approximation  was  used  in  this 
study.  The  assumption  for  fundamental  mode 
predominacy  is  admittedly  over  simplified;  the 
conditions  under  which  this  is  a  valid  approxi¬ 
mation  remain  to  be  investigated.  This  single¬ 
mode  approximation  was  first  presented  by  Miles 
[20]  and  its  use  has  become  known  as  "Miles' 
single  degree-of-freedom  theory."  This  approx¬ 
imation  is  commonly  used  for  all  sonic  fatigue 
analyses  [2]  and  a  simple  model  sometimes  helps 
to  give  basic  understanding  of  the  problem. 

Using  the  present  formulation,  nonlinear 
responses  of  symmetric  laminated  composite 
places  subjected  to  broadband,  random  acoustic 
excitation  are  studied.  Both  simply  supported 
and  clamped  out-of-plane  boundary  conditions 
are  considered.  Two  inplane  edge  conditions 
considered  are  immovable  and  movable.  In  the 
results  presented,  the  excitation  power  spec¬ 
tral  density  function  is  considered  constant 
or  varying  slowly  with  frequency  in  the  vici¬ 
nity  of  the  equivalent  linear  frequency  and  a 
representative,  graphito-opoxy  with  material 
properties: 

Et  -  17  x  106  psi  (117.9  GPa) 

E2  ■  1.7  x  10*  psi  (11.8  GPa) 

G12  ■  0.65  x  106  psi  (4.5  GPa) 

Uj 2  ■  0.30 

is  used  in  all  computations.  Mean-square  dis¬ 
placement,  equivalent  linear  frequency,  and 
mean-gqusre  strains  are  determined  for 
[0,  445]g  and  (Q,  £45,  90],  graphite -epoxy 
laminates  of  diiterent  aspect  ratios  and 
damping  ratios  at  various  excitation  speetral 
densities. 

Figure  1  shows  the  maximum  (center)  mean- 
square  deflection  versus  the  speetral  density 
parameter  of  excitation  for  square,  simply- 
supported,  sywaotric  composite  plates  with 
[0,  *4S]„  and  [0,  *45,  90]s  ply  orientations 
and  with  a  damping  ratio  of  0.02.  The  mean- 
square  deflection  of  the  immovable  inplane 
edges  ease  is  less  than  that  of  the  movable 
edges:  that  is,  as  the  inplane  edges  are 
restrained,  the  plate  becomes  stiffer.  Results 
of  the  mean-square  deflection  versus  forcing 
speetral  density  based  on  small  deflection 
theory  are  also  shown. 

Figure  2  shows  the  frequency  parameter 
versus  mean-square  deflection  for  square, 
simply-supported,  symmetric  laminated  composite 
plates  with  the  above  ply  orientations  for  a 
damping  ratio  of  0.02.  The  frequency  parameter 
corresponding  to  sero  mean-square  deflection  is 
the  frequency  based  on  linear  structural 
theory. 


The  normalized  mean-square  maximum  strains 
at  the  center  of  the  simply-supported  square 
plate  with  a  damping  ratio  of  0.02  are  shown 
in  figure  3.  Results  based  on  small  deflection 
theory  are  also  shown. 

Figure  4  shows  the  maximum  mean-square 
deflection  as  a  function  of  the  excitation 
spectral  density  parameter  for  square,  clamped, 
symmetric  composite  plates  with  [0,  ±45]s  and 
[0,  +45,  90]s  ply  orientations.  The  mean- 
square  deflection  of  clamped  plates  is  general¬ 
ly  somewhat  less  than  that  of  the  simply 
supported  case.  The  results  on  small  deflec¬ 
tion  theory  are  also  presented. 

Figure  5  shows  the  frequency  parameter  as 
a  function  of  mean -square  deflection  of  square 
clamped  symmetric  laminated  composites  with 
the  above  ply  orientations.  The  frequency 
parameter  corresponding  to  zero  moan-square 
deflection  is  the  frequency  based  on  linear 
structural  theory. 

Figure  6  shows  the  normalized  mean-square 
maximum  strains  at  the  edge  of  the  clamped 
square  plate  with  the  above  ply  orientations 
and  a  damping  ratio  of  0.02. 

The  effects  of  aspoct  ratio  on  moan- 
square  deflection  are  shown  in  Figure  7.  The 
example  is  for  a  clamped  symmetric  laminated 
composite  plate  with  a  [0,  +45],  ply  orienta¬ 
tion  and  a  damping  ratio  of  0.02.  It  is  clear 
from  the  figure  that  an  increase  of  r  will 
cause  s  "closing"  of  the  curve.  This  occurs 
because  as  r  increases  the  panel  becomes  less 
•tiff,  and  the  mean-square  has  to  be  finite. 

Figure  8  shows  the  effects  of  aspect  ratio 
on  the  maximum  mean-square  strain  for  clamped 
[0,  ±45] B  laminated  composite  plates  with  a 
damping  ratio  of  0.02,  The  aapect  ratios 
investigated  ere:  1  and  2. 

Figure  9  shows  the  effects  of  damping 
ratio  on  the  mean-square  deflection  for 
clamped  [0,  ±45],  laminated  composite  plates 
with  an  aspect  ratio  of  1.  It  is  clear  from 
the  figure  that  the  precise  determination  of 
plate  damping  is  important. 

The  accuracy  of  the  analytical  method  is 
investigated  thru  a  quantitative  comparison 
with  experimental  response  data  for  [0,  145] 
graphite-epoxy  laminates  from  a  previous  Air 
Force  sponsored  program.  Details  of  the 
experiments!  program  can  be  found  in  Reference 
12.  Table  I  lists  the  results  of  the  compari¬ 
son.  Shown  are  the  analytical  and  experimental 
strains  versus  level  of  excitation.  The  com¬ 
parison  demonstrates  that  a  better  correlation 
between  theory  and  experiment  is  achieved  when 
the  large  deflection  effect  is  included  in  the 
formulation. 
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TABLE  I 


RESULTS  COMRARIStm 


•IlttOVABlE 


CONCLUDING  REMARKS 

An  analytical  method  is  presented  for  de¬ 
termining  large-amplitude  response  of  syssuetric, 
laminated,  rectangular  plates  subjected  to 
broadband,  random,  acoustic  excitation.  Govern¬ 
ing  equations  in  terms  of  stress  function  and 
deflection  function  are  derived,  The  formula¬ 
tion  is  based  on  the  Karman-type  geometric  non¬ 
linearity,  a  single-mode  Galerkin  approach,  tha 
equivalent  linearisation  method,  and  an  itera¬ 
tive  procedure.  Both  simply  supported  and 
clamped  support  conditions  with  either  immov¬ 
able  or  movable  inplane  edges  are  considered. 

The  large  deflection  theoretical  formulation 
was  verified  through  direct  comparison  with 
experimental  results,  Improvement  over  linear 
theory  can  be  achieved  whan  the  large  deflec¬ 
tion  effect  is  included  in  the  formulation, 

The  solutions  developed  herein  may  be  used  in 
the  determination  of  RMS  deflection,  RMS  stress/ 
strain,  and  equivalent  linear  frequency,  in 
conjunction  with  failure  S-N  data,  may  bo  used 
for  the  estimation  of  service  life. 
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Fig.  I  -  Mean-Square  Deflection  Versus  Spectral 
Density  Parameter  of  Excitation  for 
Square  Simply-Supported  Symmetric 
Composite  Plates,  t  B  0.020 


fit.  2  -  Frequency  Parameter  Versus  Mean-Square 
(ieflestidn  for  Square  Simply-  Supported 
Sytasetric  laminated  Composite  Plate*., 

«  0,1)20 


LINEAR 


Fig.  3  -  Maximum  Moan-Square  Strain  Versus 

Spectral  Density  Parameter  of  Excita¬ 
tion  for  Square  Simply-Supported 
Symmetric  Laminated  Composite  Plates, 
t  -  0.020 


A-(0,*45), 


Fig.  L  -  Mean-Square  tin fl fiction  Versus  Spectral 
Density  Parameter  of  Excitation  fur 
Square  Clapped  Symtsetrlr  Coeqtos i t<> 
Plates,  ■’  »  0.Q20 


100 


Fig.  5  -  Frequency  Parameter  Versus  Moan-Squaro 
Deflection  for  Square  Clamped  Symme¬ 
tric  Laminated  Composite  Plates, 

<  "0.020 


Fig.  t>  “  Maximum  Mean-Square  Strain  Versus 

Spectral  Density  Parameter  of  Excita¬ 
tion  for  Square  Clamped  Symmetric 
Laminated  Composite  Plates,  t  "0.020 


Fig.  7  -  Effects  of  Aspect  Ratio  on  Mean-Square 
Deflection  for  Clamped  (Q,  *6 5 
Laminated  Composite  Plates,  5  «  0.020 


LINEAR  LINEAR 


Fig,  8  -  Effects  of  Aspect  Ratio  on  Maximum 
Mean-Square  Strain  for  Clamped 
(0,  ^5)  Laminated  Composite  Plates, 
<  •  0.020 

LINEAR 


Fig.  9  -  Effects  of  Damping  Kano  on  Mean- 
Square  Deflection  for  Clamped 
(0,  *'«$)*  Laminated  Composite  Plates, 
r  »  l 


DISCUSSION 

Voice:  I'd  like  to  comment  that  actually  the 

life  would  be  affected  by  much  greater  than  two 
to  one  because  the  S/N  curve  Js  fairly  flat.  In 
other  words,  a  small  change  in  stress  or  strain 
gives  a  tremendous  change  in  life.  So  it  would 
be  a  tremendous  difference  between  the  linear 
prediction  and  your  predictions  here. 

Voice :  How  many  modes  were  excited  signifi¬ 

cantly  in  your  acoustic  test? 

Mr.  Wentz:  There  was  .Just  really  the  one  mode 
at  the  lower  level  for  the  panel  that  we  looked 
at.  And  as  you  would  increase  the  level  3DB  at 
a  time,  mare  modes  would  come  in  to  play 
arbitrarily.  At  the  higher  level,  as  each  mode 
appears  when  you  increase  your  excitation,  the  Q 
of  the  peak  acts  as  a  hard  spring  oscillator. 
The  peaks  Just  really  broaden  out,  and  this 
brings  up  another  problem  in  trying  to  use 
linear  damping  theories  to  determine  the 
damping;  you  can't  use  a  bandwidth  method  since 
there  are  other  factors. 

Voice:  You  made  your  analytical  calculations 

for  the  fundamental  mode  only? 

Mr.  Went?::  Yes. 

Voice:  Are  you  comparing  the  multi-mode  test 

response  vi;,h  the  single  mode  analytical 
predict  lone? 

Mr.  Uenu:  Yes, 

Voice:  Was  that  part  of  the  error? 

Mr,  Wants :  Yes,  at  the  higher  levels.  We  are 
Tn  the  process  of  incorporating  multi-medal 
response  and  looking  at  various  modes.  You  have 
some  wore  complexities  because  you  can't  Just 
assume  one  value  of  damping.  You  have  a 
different  damping  ratio  for  each  aede.  So  we 
are  extending  this  work  to  try  to  be  sere 
accurate.  w«  wanted  to  do  a  fundamental 


analysis  and  see  where  we  were. 

Voice:  I  heard  you  mention  that  you  have 

single  mode  response  when  you  displayed  the 
frequency  response  of  the  measurement. 

Mr.  Wentz:  Yes. 

Voice:  How  can  you  Judge  the  modal  response; 

there  were  so  many  peaks? 

Mr.  Wentz:  There  were  peaks,  but  they  were  25- 
30dB  down  in  amplitude  from  the  main  response 
mode. 

Voice:  Was  this  a  transfer  funtion? 

Mr.  Wentz:  No.  This  was  a  power  spectral 

density  function. 

Voice:  I  think  you  would  have  better  luck 

getting  a  transfer  function  in  steel, 

Mr.  Wentz:  Yes.  Classically,  in  sonic  fatigue 
we  use  the  Miles  single  degree  of  freedom  theory 
which  Just  assumes  that  damage  comes  from  the 
main  fundamental  response  mode.  There  are  other 
modes.  There  were  other  peaks,  but  at  the  lower 
levels.  These  peaks  were  at  a  level  far  enough 
down  that  they  wouldn't  affect  the  damage.  At 
the  higher  levels,  it  was  very  broad. 

Voice:  Why  is  it  so  difficult?  You  might  have 
some  reasons.  Why  can't  you  get  white  noise 
excitation? 

Mr.  Vents:  There  are  noise  generators  that  do  a 
much  better  Job. 

Voice :  Generally,  not  at  those  high  levels. 

Mr.  Vents:  Yss,  but  1  have  seen  a  few  spectra 
that  are  quite  flat. 

Voice:  Better? 

Hr.  Wenttt  Yes. 


DYNAMIC  CHARACTERISTICS  OF  A  NON-UNIFORM  TORPEDO-LIKE  HULL  STRUCTURE 
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The  vibratory  response  of  a  torpedo-like  structure  is  investigated 
here.  The  torpedo  hull  is  characterized  by  a  long  cylindrical  shell 
where  the  length-to-radius  ratio  is  large.  The  cylindrical  shell  is 
built  from  several  sections  that  may  differ  from  each  other  in 
thickness  and  material  properties.  The  response  of  the  structure  to 
various  loading  conditions  is  found  and  the  results  presented. 
Reduction  of  the  vibration  level  of  the  torpedo  hull  at  the 
frequency  band  of  interest  can  be  accomplished  only  after  the 
response  of  the  structure  is  well  understood. 


INTRODUCTION 

Self-noise  is  a  major  handicap  to  the 
operation  of  a  torpedo  because  noise  generated 
by  vibratory  sources  on  the  structure 
interferes  with  the  functioning  of  instruments 
attached  to  the  shell.  The  excitations  of  the 
structure  are  due  to  various  sources  such  at 
engine  vibration)  propeller  shaft  excitation) 
and  hydrodynamic  fluctuating  forces  on  the 
shell.  The  torpedo  shell  ia  composed  of 
several  tactions.  The  various  segment*  of  the 
torpedo  hull  may  differ  from  eaeh  other 
structurally  and  can  he  made  from  different 
materials.  Structural  discontinuities  such  as 
stiffeners  discontinuity  and  joint 
discontinuity  were  studied  previously  by  the 
author. *»2,i  Different  geometric  end 
material  properties  for  the  various  sections 
and  end  plates  are  studied  here.  The 
structural  discontinuities  introduced  by 
cylindrical  sections  of  different  geometric 
and  material  properties  have  an  effect  on  the 
vibration  of  the  huti  and  on  the  transmission 
of  power  along  the  shell.  In  order  to  treat 
and  control  the  level  of  vibration,  it  is 
first  required  to  know  the  dynastic  response  of 
the  structure  in  the  frequency  band  of 
interest.  The  response  of  the  transducer 
array  panel  to  vibratory  forces  on  the 
structure  is  of  particular  interest. 
Constrained  layered  plates  and  shells  can  he 
used  selectively  for  several  section*  of  the 
hull  to  reduce  the  vibration  level.  In  order 
to  design  tin  proper  constrained  layered  cross 
section  for  the  shell  sections  and  plates,  the 
predominant  vibrational  wavelengths,  the  near 
field  solutions,  and  other  characteristics  of 
the  shell  vibration  a:  tin  frequency  band  of 
interest  mutt  he  known.  The  vibrational  mode 
near  the  interface  between  the  sections  of 
different  material  properties  is  of  particular 
interest.  the  analysis  here  considers  « 


cylindrical  shell  with  end  plates.  The  load 
is  arbitrary  and  can  be  placed  at  any  point  on 
the  ahell  or  end  plates.  The  various  sections 
of  the  hull  can  have  different  structural  and 
material  properties.  Since  the  primary 
interest  of  this  paper  it  the  (hell  vibretion 
at  high  frequencies,  fluid  mats  loading  con  be 
neglected.  Radiation  damping  affects  the 
magnitude  of  the  vibrational  modes  but  not  the 
relative  transfer  impedance.  The  analysis 
conducted  here  is  for  the  in-vacuo  vibration 
of  non-uniform  cylindrical  shells  with  and 
plttee.  For  the  take  jf  completeness  and 
comparison  the  mode  shapes  for  low  frequencies 
end  for  uniform  sheila  are  also  included. 

CYLINDRICAL  SHELL  ANALYSIS 

Consider  •  thin  cylindrical  ahell  of 
thickness  h  and  naan  radius  a.  Tha  midsurface 
of  the  shell  it  described  in  terms  of  an  x, 

9  coordinate  system.  The  x  coordinate  it 
taken  in  the  axial  direction  of  the  ahell  and 
the  8  coordinate  in  the  circumferential 
direction.  The  component*  of  the  mideurface 
of  the  shell  are  deeigneted  by  u,  v,  w  (Fig. 
1).  The  equations  of  ehtll  motion  governing 
u,  v,  and  w  are  the  Sanders-Koiter**5  shell 
equations.  The  equations  are  written  os 
follow*  i 

V  ♦  i  <*- ' 

♦[?<»  -v)b]vet) 

•  SU  -  v)bvC80  ' 

-  P<42/E)(l  -  V2)tl  *  0  , 
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p8  +  A3p6  +  a2?4  +  AjP2  +  A0  =  0 


(4) 


p(1  +  v)  -|a  -v)bju56 

+  |(1  -  \>)(1  +  |b)vK  +  (1  +  b)v0e 
+b(j)(3  -  v)w^0  +  bWggg  -  w0 

-  p(a2/E)(l  -  v2)V  •  0  ,  (1) 

-  vuj.  -  b(|)(l  -  v)u69? 

+  b(^)(3  -  v)v^g  +  bVggg  -  Vg 


Eight  roots, 

(pic)n  =  +  ^Yie^n  ?  K  “  !>•••>  8 

are  obtained,  thus  yielding  eight  independent 
solutions.  Using  Eq.  (1),  the  constants 
and  Cn“*  can  be  written  in  terns  of  constant  Cn. 
Since  the  analysis  is  done  for  every  n  component 
separately,  it  is  convenient  to  drop  the  sub¬ 
script  n  from  subsequent  expression  and  dis¬ 
cussion,  with  the  understanding  that  the  analy¬ 
sis  is  for  particular  n  mode,  Exp(iwt)  is 
also  omitted  from  all  subsequent  expressions. 


+b(wSt«  +  weeee  *  2w«68>  +  w 

♦  p(a2/E)(l  -  V2)W  -  0  , 

where 

5  -  f,  (  >C  s  3/3S<  >,  (  >e 
2  SF  (  5*  r)  2  >>  8  ■ 

E  it  Young’s  modulus,  Poisson's  ratio  is  de- 
,  noted  by  v,  p  is  the  mass  density,  and  h  ia 
\tho  thickness  of  the  shell. 

The  displacements  w,  u,  and  v  may  be 
expanded  by  Fourier  aeries 

wU,0,t)  «  ^ '  wncoa(nd)  , 
n“0 


u(C,8,t)  *  Uncoaind)  ,  (2) 

.  n  «0 

v<C,9.t )  "  vn*in(«9)  , 

n»0 

on  the  e traumferent ial  6  coordinate  direc¬ 
tion.  The  solution  ia  then  sought  in  the  fol¬ 
lowing  forsii 

WtiU ,  t)  “  Cflexpi  hot  *  PnO  » 

u„(C,t)  <•  CjexpU'ot  ♦  PnO  ,  (3) 

v«(C,t)  *  C^'expUwt  ♦  PnC)  * 


where  is  thj.eireular  frequency  and  where 
C„,  Cn,  and  Ctl  are  constant*.  Substituting 
Eq*.  (2)  and  (3)  in  Eq.  (1),  one  obtains  three 
homogeneous  algebraic  equations  on  the  constants 
Cn,  C,1,  Cn,  the  determinant  of  wliich  when  set  to 
aero  yields  a  fourth-order  equation  on  t’„. 


The  solution  can  be  written  now  ast 
pl*  P2C 

w  -  cje  1  ♦  c2e  2  +  . 

+  c?e  ® 

P.C  P,C 

u  •  Cjfi(Pj)e  1  ♦  c2u  (P2>e  2  *  . . . 

P  ( 

♦  Cgu(Pg)e  8  (5) 

p,5  p  J, 

v  ■  CjiffPjlo  1  ♦  c2V  (P2)a  2  ♦  . 

P-C 

*  c87(PB)e  8 

where  u  and  v  arc  functions  of  P*.  u>,  and  the 
shell  geometric  and  material  properties. 

Once  the  displacements  art  known,  the 
stress-resultants  can  be  obteined.  The  stress 
resultants  associated  with  the  boundary  £  ■ 
constant  are  aa  follows* 

V  «  ’  -  -  I  ".9,6 

"  *  »,6  *  I.  ".»•  aM  V 

where  fu.  ♦  v(wfl  -  v)1  , 

*  (t-v3)a  .  9  J 

V  I  tfe>  a  *  V* 

H  -  — - u  ■  “j  ♦  v(ww  ♦  v*)]  , 

*  120-v3)  a31  "J 

„  _  BhJ  l  fs  .  ..  u0  1 

N*e  lafr-oi  j  1 4  ?  wc»  4  J  • 
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CIRCULAR  PLATE  ANALYSIS 

The  solutions  to  the  problem  of  bending 
and  extensional  vibration  of  plate  are  un¬ 
coupled  and  can  be  solved  separately.  The 
differential  equation  and  solution  for  the  nor¬ 
mal  displacement  w  of  the  plate  are  as  follows: 

£h3  V*w  ♦  Ph  -  0  (6) 

12G-v2)  3t2 

w(r,0)  *  ^  wn(r)  cos  e^ot  (7) 

n“0 

wn  *  [A  Jn<kr>  +  BV„(kr)  <g) 

♦  CIn(kr)  ♦  S  KnOtrjJ 

where  k*  ■  12(l-v2)  (9) 

Eh2 

and  A,  B,  C  and  D  are  constants. 

The  differential  equation  for  the 
extensional  vibration  of  the  plate  is  as  fol- 
lowa: 

U  V2u  ♦  (X*  ♦  u)  V  V  •  u  -  p  u  (10) 

where  u  is  the  in-plane  vsetor  displacement  and 
where  ~ 

x>  •  x "  ribn-i^' 

“  ■star" 

The  staler  and  eroas  product  of  Eq. 

V2  (V  •  u)  »  §  (l-\>2)  ~  (V 
“  E  3t* 

V2  (7  X  u)  -  |  2(Uv)  (7  X  u).  (12) 

Subatltuting  u  *  u*  in  Eqa.  (It)  and  (12), 
o«*  gees  the  following  differential  equations 


(V2  ♦ 

k2I  (7  •  0*)  -  0, 

(13) 

(72  * 

k*2)  (V  x  u*)  •  0, 

(16) 

where 

h2  •  |  (l-v2)«2, 

k'2  -  2|  (1.V)  w2  . 

Let  U  and  V  be  the  component*  of 

the  dix- 

placement  vector  in  polar  coordinates! 

Ji*  *  Uer  ♦  Vgg.  the  displacement  vector 
can  be  expanded,  as  before  by  Fourier  aeries, 
the  n*b  components  of  the  displacement 
vector  can  be  written  ass 


(10)  yitlditt 

•  u),  (ID 


Un  =  Ur  cos'n8),  Vn  “  Vn  sin(n0). 

The  solutions  for  V  •  u*  and  V  n  u*  for  the  n*h 
component  of  the  displacements  can  be  written 
as  follows: 


♦  i  u  *1  IZn 

3r  r  U"  r  30 


j^A*  Jn(kr)  +  A*  Yn  (kr)J  cos  nO, 


3V„  I  1  3«n 
3r  t  n  "  r  30 


■  j^B*  J(k'r)  +  B*  Yn  (k’r)j  sin  n0.  (15) 

From  Eq.  15  the  following  expression  for  Un 
and  Vn  can  be  obtained: 


vr] 


r) 


v.  •  -[», .  H 

dYj,(k'r)] 
*2  dr  J 

FORCED  VIBRATION 


cos  n9, 


(kr>  Yn(kr)  dJ„(k'r> 

W>2  "  “  ♦  Bi  H  ♦ 


sin  nS. 


(16) 


the  structure  is  loaded  by  harmonie  in 
time  force  aetinR  on  the  cylindrical  shell  and 
end  pistes  as  shown  in  Fig.  tc.  The  load  is 
expanded  by  Fourier  aeries  around  the 
circumference,  the  cylindrical  shell  is  seg¬ 
mented  at  the  point  along  the  shell  where 
there  is  s  ehsnge  of  thickness  or  material 
properties  and  at  any  point  on  the  shell  where 
the  load  is  applied.  The  boundary  condition 
imposed  at  the  interface  between  the  segments 
where  no  force  is  being  applied  is  thst  the 
displacements  and  the  stress-resultants  he 
continuous  across  the  interface.  w1*  -  wi  " 

0,  u**  -  u*  ■  0,  v**  -  v*  '*  0,  wj*  -  wJJ  •  0, 

Ql  -  Q*  -  0,  -  0,  ML  -  H*  -  0. 

*  as 

Mx  Mx  “  0  where  the  superscripts  ‘V  and 

**R"  refer  to  the  segment  to  the  teft  end  to 
the  right  of  the  interface,  the  boundary 
condition  at  the  point  where  the  line  force  is 
applied  la  the  same  except  for  the  discon¬ 
tinuity  condition  of  the  appropriate 
stress-resultant.  For  normal  force,  <r  - 
Q*  »  fj.  For  axial  force  on  the 

cylindrical  shell,  -  N*  «  Fj,  etc.  the 

boundsry  condition  between  the  cylindrical 
shell  sod  the  piste  is  simitar  to  the  one 
between  the  segments  except  that  tit® 


no 


appropriate  elements  of  the  shell  and  the 
plate  have  to  be  matched,  i.e.,  wc  *  -  up, 
etc.,  where  the  subscripts  c  and  p  refer  to 
the  cylindrical  shell  and  the  plate 
respectively. 

The  overall  boundary  condition  results  in 
a  set  of  non-hooogeneous  algebraic  equations 
for  the  constants  cj.  The  number  of  unknown 
constants  is  eight  for  every  cylindrical 
segment  and  four  for  each  end  plate.  If  the 
load  is  on  the  end  plate,  the  plate  is 
segmented.  The  outer  plate  segment  has  eight 
constants,  and  the  inner  one  has  four 
constants.  Once  the  constants  arc  found,  the 
displacements  at  any  point  on  the  structure 
can  be  found  by  using  Eq*.  (5)  and  (16). 

NUMERICAL  ANALYSIS 

The  analysis  discussed  here  is  applied  to 
a  cylindrical  shell  with  end  plates  as  shown 
in  Fig.  2.  The  length-to-radius  ratio  is  L/a 
■  12,  and  the  thickneaa-to-radius  ratio  for 
the  shell  and  end  plates  is  h/a  •  0.03  except 
when  indicated  otherwise.  The  shaded  shell 
sections  shown  in  Figs.  2b  and  2c  can  have 
different  thickness  and  material  properties. 
Poisson's  ratio  is  equal  to  v  ■  0.3.  The 

frequency  parameter  is  T  *  *>i  (l-v3)  , 

P  V 

The  force  parameter  is  ‘2  ■  ~  *  10  where  Pis 

the  magnitude  of  the  harmonie  in  time  line 
force  applied  uniformly  on  an  are  b  of  the 
b 

circumference  (|  *  0.1).  Only  partial  results 

are  presented  due  to  the  large  variety  of 
eases.  Frequency  sweeps  were  conducted  for 
several  loading  and  structural  configura¬ 
tions.  The  results  are  presented  in  Figs. 

3*19.  The  normal  displacement  w  and  the  asiat 
(radial  for  the  plate)  displacement  u  are 
plotted  separately  on  an  outline  figure  of  (he 
structure.  The  combined  deformation  of  the 
structure  due  to  the  displacements  w  and  u  is 
plotted  only  for  t  few  eases  as  shown  in  Figs, 

5a  and  5b.  This  is  because  the  different 
scales  fur  the  structure  and  the  axial 
displacements  frequently  cause  unacceptable 
distortion.  The  plotting  scale  is  adjusted 
for  every  frequency  parameter  because  the 
magnitude  of  the  response  can  vary  hy  a  large 
magnitude  toi  different  values  of  the  frequency 
parameter.  The  adjustment  is  made  &«rH  that 
the  plotted  ordinate  of  the  maximum  displace¬ 
ment  is  a  fixed  value  for  all  plots.  The  m*i- 

sees  displacement-to-radius  ratio  Js  anil  Ji  are 

a  a 

typed  below  each  figure  for  the  cylindrical 

41- 

Shelt  and  the  two  end  plates*  whete  is  the 

a 

maximum  displaeement->o-radius  ratio  for  the 

cylindrical  shell  and  &  is  the  maximum  die* 
a 

piace.meni-to-radiu*  ratio  for  cud  plates.  For 
#*#.  v  is  uncoupled  from  w  and  u.  The  modes 
associated  with  v  (use)  are  pure  torsional 


nodes  and  are  not  discussed  here.  Figs.  3-6 
present  the  response  of  long  uniform  shell 
with  end  plates  (Fig.  2)  under  various  loading 
conditions.  The  location  and  direction  of  the 
exciting  force,  on  the  cylindrical  shell  or 
the  end  plates,  are  marked  by  an  arrow  on  the 
outline  of  the  structure.  Figs.  7-10  present 
results  where  non-uniformity  of  thickness  or 
material  property  were  introduced.  Figs.  3 
and  4  show  the  axisyxmetric  n«0  response  of 
the  structure.  At  low  frequencies  the 
response  of  the  structure  under  normal  force 
is  limited  to  the  close  neighborhood  of  the 
force,  Fig.  3a.  As  the  frequency  increases, 
the  vibrational  mode  changes  to  an  overall 
bending  mode,  Figs.  3c  and  3d.  Under  axial 
force  the  shell  response,  at  very  low 
frequencies,  is  primarily  translational,  Fig. 
4a.  The  mode  changes  to  the  first  accordion 
mode  of  the  shell  and  bending  mode  of  the 
plate  as  the  frequency  increases.  Fig.  4b. 

The  response  of  the  shell  changes  to  on 
overall  bending  mode  as  the  frequency  gets 
higher,  Figs.  Ac  and  4d.  The  value  of  the 
positive  root  for  p?  increase*  with  the 
frequency.  The  effects  of  the  nearfield 
solution  at  high  frequencies  are  thus  limited 
to  the  close  neighborhood  of  the  force.  At 
high  frequencies  the  boundary  conditions  at 
the  location  of  the  force  and  between  the 
shell  and  etui  plates  do  not  have  significant 
effect  on  the  character  of  the  made  shape, 
Figs.  3s,  3d,  4c,  and  4d.  Figs.  5a-5c  show 
the  n*l  response  of  the  shell  to  a  normal  line 
force.  Figs.  6a-6e  show  the  n*2  response  of 
the  shell  to  a  notmal  line  force  on  the 
plate.  The  exeiting  force*  for  the  examples 
shewn  in  Figs.  7-10,  is  placed  at  the  center 
of  the  shell,  and  non-uniformity  such  as 
change  of  thickness  or  material  is  made  on 
part  of  the  structure.  Figs.  7a  and  7h  show 
the  n*3  response  of  the  shell  shewn  io  Fig.  2b 
where  the  thiekfless-te-radtus  ratio  for  the 
shell  section  on  the  right  side  (shaded)  is 
h/a*8.96*  while  the  ratio  for  the  rest  of  the 
structure  is  h/a*8.83.  For  intermediate  and 
high  frequencies*  the  near field  solutions  do 
not  have  any  significant  effect.  As  can  be 
seen*  the  shell  sections  vibrate  in  two 
different  wavelengths  in  accordance  with  the 
thickness  of  each  section.  Figs.  Fs-Sd  show 
the  n*0  response  of  a  hull  where  the 
thiekness-to-eadlus  ratio  of  the  end  plate  mo 
the  right  <Fig.  2c)  is  h/a»8.2,  white  the 
mlo  for  the  rest  of  the  structure  is 
h/#“9,93.  Figs.  $a-M  shew  the  n*9c2  response 
el  a  shell  where  the  modulus  of  elasticity  for 
the  right  segment  (Fig.  3b)  is  three  times  the 
value  for  the  rest  of  the  structure, 
Thickness-to-radius  ratio  is  h/a*9.0l  lor  the 
cylindrical  shell  and  h/a-9.2  for  the  end 
plates.  Figs,  9*-$b  show  the  «*8  response, 
and  Figs.  show  the  n*2  response.  Figs. 

iOr.»l0d  show  the  n*9,3  response  of  a  shell 
where  the  modulus  of  elasticity  for  the  right 
segment  (Fig.  2b)  is  half  the  value  for  the 
rest  of  the  structure,  the  thickness-to* 
radius  ratio  is  h/a*9.©1  for  tte  cylindrical 
shell  and  h/a*H3.2  f«*r  the  end  plates.  Figs. 


lOa-lOb  show  the  n*0  response,  sad  Figs. 

10c- 1 Od  show  the  n’2  response. 

CONCLUSIONS 

The  dymmic  response  of  a  long 
cylindrical  shell  with  end  plates  was  found. 
The  vibrational  mode  shapes  for  uniform  and 
non-uniform  shells  are  presented.  Thickness 
and  material  non-uniformity  were  considered. 
The  information  obtained  here  can  be  used  to 
control  the  vibration  level  at  frequency  bands 
of  Interest  by  introducing  constrained  layered 
end  plates,  constrained  layered  shell 
sections,  material  with  damping  properties,  or 
by  stiffening  several  sections  of  the 
structure. 
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SUMMARY 

The  vibration  and  acoustic  nearfield  of  thin  aluminum  spherical  shells  were  investigated 
analytically  and  experimentally.  Two  such  shells  with  thickness*to-radius  ratios  of  6.4  X  10~3 
and  13.4  X  10“3  were  excited  by  an  impedance  head  at  tho  apex,  simulating  a  mechanical 
point  excitation.  The  driving  point  admittance  frequency  spectra  of  the  shells  when  excited 
in  air  were  recorded  and  at  oach  maximum,  the  mode  shape  at  resonance  was  plotted.  These 
measurements  were  repeated  when  the  shell  was  suspended  in  a  large  water  tank.  The  driving 
point  admittance  of  the  submerged  shells  was  recorded.  The  mode  shapes  at  resonance  were 
plotted  by  use  of  a  small  hydrophone  that  measured  the  nearfield  pressure  of  the  vibrating 
shells.  The  measurements  wore  carried  to  high  frequencies  (ka  30). 

A  parallel  analytic  prediction  of  the  amplitude  of  the  vibration,  the  ncarfield  and  far- 
flcld  pressures  were  made.  Basically,  a  thin  shell  theory  with  bending  terms  was  adapted  for 
the  equations  of  motion.  For  vibration  In  air  or  in  vacuo,  the  solution  was  obtained  by  the 
normal  mode  approach.  Tho  predicted  resonances  were  compared  to  the  measured  ones  and 
found  to  agree  within  5  percent  for  mode  orders  up  to  32.  For  vibration  of  a  submerged  shell, 
an  Iterative  technique  was  used  to  calculate  the  resonances  of  tho  submerged  shells  in  water. 
The  predicted  resonances  were  also  found  to  agree  within  6  percent  with  the  measurements. 

To  predict  the  mean-line  of  the  driving  point  admittance,  use  of  Skudrzyk’s  mean-line 
theorem  was  made.  This  theory  requires  the  knowledge  of  the  resonance  density  of 
vibrating  spherical  shells.  Expressions  for  the  resonance  density  of  spherical  sheds  were 
developed  In  the  low,  medium,  and  high  frequency  ranges.  The  predicted  mean-line  of  the 
driving  point  admittance  vibrating  shell  was  within  3  dB  of  the  measured  mean-line. 


INTRODUCTION 

The  study  of  the  vibration  of  a  spherical  shell  sub¬ 
merged  in  an  Infinite  acoustic  fluid  medium  is  the  main 
objective  of  this  paper,  where  tltc  mechanical  and  acoustical 
energies  are  coupled  by  a  fluid  reaction  1 1 1 .  The  vibration 
of  u  spherical  shell  has  been  studied  by  many  authors 
1 M| .  In  a  paper  "On  the  Vibrations  of  a  Spherical  Shell," 
Lamb  ( 2|  has  Investigated  a  membrane  spherical  shell  for 
axlsymmetrte  vibration,  and  pointed  out  the  existence  of 
two  Infinite  sets  of  normal  modes.  Baker  (3|  has  expanded 
tile  work  given  by  Lamb,  and  demonstrated  experimentally 
the  existence  of  normal  mode*  predicted  by  the  theory. 
Kulnins  |4|  studied  the  bending  effects  on  the  vibration  of 
a  spherical  shell  In  vaeuum,  and  labeled  the  tower  branch  us 
bending  modes.  Wilkinson  !  51  showed  that  there  are  three 
brunches  In  the  frequency  spectrum  when  the  equations  of 
motion  of  dosed  spherical  shells  include  the  effects  of  trans¬ 
verse  shear  deformution  and  rotatory  Inertia. 

Considering  the  vibration  ot  s  spherical  slid  I  submerged 
in  a  fluid  medium,  Jtmgvr  i  1 1  examined  the  sound  scatter¬ 
ing,  of  a  membrane  elastic  spherical  shell,  tnsrmjflcd  by  a  plane 
acoustic  wave.  He  concluded  that  the  scattering  field  of  alt 


elastic  seutterers  is  the  result  of  the  rigid  body  scattering  and 
radiation  scattering.  In  another  paper  |6| ,  he  studied  the 
same  configuration  but  excited  by  a  point  force,  where 
he  demonstrated  the  radiation  loading  on  an  elastic  shell. 
Huyek  (?)  studied  the  vibration  of  the  forced,  oxisymmetric 
spherical  shell  in  tire  light  of  tire  bending  theory  in  an 
acoustic  medium.  He  concluded  that  the  resonance  frequency 
is  sensitive  to  the  parameter  (h,'a).  especially  for  large  mode 
numbers  n.  and  the  resonance  frequency  increases  as  n  in¬ 
creases.  no  mutter  Itow  small  is  the  ratio  (h/a).  Lauehle  |£) 
extended  the  work  ol  lunger,  and  demonstrated  the  inter¬ 
action  of  a  spherical  acoustic  wave  with  an  elastic  spherical 
shell  in  fluid  media.  Skudrzyk  |9|  has  developed  approxi¬ 
mate  expressions  for  the  resonances  of  a  spherical  shell  and 
new  expressions  for  Ute  forced  vibration  amplitude*. 


Tills  EQUATIONS  OF  MOTION 

In  this  section,  tiie  dynamical  response  of  an  excited 
elastic  shell  is  considered  where  the  applied  forces,  tiie 
displacements,  etc.,  are  time-depemtent.  To  derive  the  equa¬ 
tions  of  motion  for  a  vibrating  shell,  Hamilton's  vatiutional 
principle  Is  applied.  The  variational  integral  requires  expres- 


sions  for  the  kinetic  energy  T  and  the  strain  energy  V  of 
the  system  as  well  as  the  external  forces  as  derived  from  a 
potential  function  Q.  Hamilton’s  principle  states  that: 
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where  ti  and  t2  are  the  initial  and  final  time  states,  respective¬ 
ly,  of  the  system.  The  symbol  S  represents  differential 
variation.  Substituting  the  strain  and  kinetic  energies  and  the 
potential  function  into  Equation  (1)  one  obtains  the  coupled 
equations  of  motion  of  a  spherical  shell  in  terms  of  time 
harmonic  displacements  U  and  W ,  see  Figure  1 : 
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and 

LwuU  +  Lwww  =  0  -  *,2)^2w  -  T  a2  (Pi +  Pr>  1  (3) 
where  the  operators  L^,  Luw,  L^,,  Lww  are  given  by: 


Then,  on  substitution  of  these  two  equations  into  Equa¬ 
tions  (2)  and  (3),  one  obtains  two  algebraic  equations  in 
terms  of  Unand  Wn: 
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where 

v2-$<t-u2)$  .  , 

fl2  ■  psu2a2/li  ■  Is  the  normalised  frequency, 
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ur*"a~  1*  ,*te  r^8  frequency 

Cb“j~  ,  0-(h2/a2)/t2,  (8) 

and  v  Is  the  Pol  won's  ratio,  F.  is  the  Youni't  modulus,  a  is 
the  radius  of  the  shell,  U  and  W  are  the  tangential  and 
radial  displacements,  P(  is  the  applied  radial  force,  and  Pr  is 
the  acoustic  surface  pressure. 

For  this  problem,  the  tangential  and  radial  displace¬ 
ments  can  be  expressed  in  terms  of  Legendre  polynomial  of 
degree  n  as  follows: 


-  0  ( 1  -  p)  X„  +  2(  1  +  u)  -  ( 1  -  v2)  Lr  1  W„ 

--T^^in^rn)  •  02> 

whore  Xn  »  n(n  +  1),  Pjn  and  Prn  represent  the  modal 
applied  and  reactive  pressures,  respectively. 
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Fig.  1  -  Configuration  of  the  sptierica)  shell  in  ihe 
spherical  coordinate  system 
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NATURAL  FREQUENCIES  IN  VACUO  AND  IN  FLUID 

The  natural  frequencies  of  a  free  vibration  in  vacuo  are 
the  rootspf  the  following  equations: 

(1  -t>2)2  ft4-[0\n2  +  (l  +  0v)Xn  +  (l  +3v) 

-0  (1  -v)]  (1  -  v2)  fl2  +0  \n3  -  40  Xn2  +  (0(5  -  v 2) 

+  (1  -p2)]  Xn-2(l+0)(l-«2)  =  0  .  (13) 

This  is  a  quadratic  equation  in  Q?  with  only  two  distinct 
positive  roots  for  each  mode  number  n.  The  larger  root  of 
each  mode  belongs  to  the  upper  branch,  and  denoted  by 
S2h-  Tire  smaller  root,  belongs  to  the  lower  branch.  The 
roots  flhn  ®nd  fljn  are  the  natural  frequencies  of  the 
spherical  shell.  For  n  =  0,  there  is  only  one  positive  real 
root: 

2  2 
“ho  =  i -v  • 

This  frequency  represents  purely  radial  motion,  which  Is  re¬ 
ferred  to  as  the  “breathing  mode.”  This  mode’s  elastic  energy 
is  due  to  extensional  deformation  only  becauso  the  shell 
vibrates  only  In  the  radial  direction,  and  the  radius  of  curva¬ 
ture  of  the  shell  remains  constant.  The  natural  frequencies  of 
duralumin  shells  of  radius  a  =  8  inches  and  thickness  h  =  0.1069 
inch  (h/a  =  0.0134)  and  h  =  0,05 14  inch  (h/a  =  0.0064)  were 
computed  and  plotted  in  Figure  2.  Both  shells  are  considered 
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as  thin  shells  for  shell  theory  of  deformation,  but  will  be  re¬ 
ferred  to  as  “thick”  and  “thin”  shell,  respectively.  It  is  clear 
that  the  natural  frequencies  of  the  lower  branch  for  membrane 
theory,  0  =  0,  are  independent  of  the  shell’s  thickness,  while 
the  natural  frequencies  of  bending  modes,  for  0  >  0,  vary 
with  the  thickness.  However,  the  upper  branch  frequencies 
do  not  change  significantly  with  0.  For  a  thin  shell,  where  the 
ratio  h/a  is  very  small  such  as  the  ratio  0.0064  shown  in 
Figure  2,  the  membrane  theory  may  be  applicable  at  low 
frequencies  or  for  small  values  of  the  mode  number.  It  is 
interesting  to  note  that  U  approaches  unity  when  the 
mode  number  goes  to  infinity  for  0=0.  Different  asymp¬ 
totic  approximations  to  the  roots  of  Equation  (13)  were 
obtained  as  follows: 
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For  a  thick  shell  (h  =  0.1069")  or  thin  shell  (h  =  0.0514"), 
Equations  (14b)  and  (14c)  predict  the  natural  frequencies 
with  10%  accuracy  for  n  >  6  for  the  lower  branch  and 
n  >  3  for  the  upper  branch.  These  approximations  are 
better  than  those  given  by  Feit  and  Junger  1 10)  which 
eliminates  the  unity  in  Equation  (14b).  The  unity  in  the 
formula  for  the  lower  branch  represents  the  membrane 
energy  and  the  first  term  represents  the  bending  energy. 
Thus,  neglecting  this  factor,  the  10%  accuracy  can  only  be 
obtained  for  n  >  20  for  the  lower  branch.  If  n  is  large 
enough,  the  unity  can  be  neglected  and  the  shell  resonances 
approach  those  of  a  plate  of  equivalent  surface,  l.o.,  the  shell 
resonances  fall  In  the  so-called  “plate  range,”  where  the 
curvature  effects  are  no  longer  important.  When  H  <  1 , 
the  lower  branch  roots  given  by  Equation  ( 1 4a)  are  within 
5%  for  n  <  10.  These  frequencies  are  shown  in  Figure  2. 


The  modal  mechanical  impedance  of  a  spherical  shell 
for  a  radially  applied  force  can  be  obtained  by  setting 
P,n  ■  0  in  Eq.  ( 12).  The  mechanical  impedance  is 
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Fig.  2  -  Dimensionless  frequency  It  for  various  modes 
when  spherical  shells  are  excited  in  vacuo 


and 


Dn  =  -(l+0)Xn  +  (l-i')(l+0)  +  (l-t'2)fl2  . 

When  0  =  0,  Zmn  reduces  to  the  modal  mechanical  im¬ 
pedance  of  a  membrane  shell  [8] .  The  modal  ratio  of  the 
tangential  to  radial  displacement  amplitude  Un/Wn  is  ob¬ 
tained  from  Equation  ( 1 1 )  as  follows: 


U„  g[Xn-(l-»)]  +  (!+>) 

Wn  "  (l+0)[Xn-(!-»)]-(l-«»2)fi2 

which  depends  on  the  excitation  frequency  SI . 


with  Sn  =  Xn  (Un/Wn)2  +  1  and  M  is  the  total  mass  of  the 
shell.  For  a  freely  vibrating  shell  in  an  acoustic  medium,  let 
qn  =  An  exp  (-itont),  with  the  natural  frequency  of  the 
submerged  shell  being  ten,  in  Equation  (17),  which  results  in  a 
an  expression  for  wn  as: 
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where  «n  is  the  natural  frequency  in  vacuo,  and  the  factor, 
Mr  =  Man/MSn,  represents  the  ratio  of  the  additional  fluid 
virtual  mass  to  the  unloaded  shell  modal  mass. 


To  obtain  the  resonances  of  a  shell  submerged  in  a  fluid, 
one  can  write  the  equations  of  motion  in  terms  of  generalized 
coordinates.  The  displacements  u  and  w  are  expressed  in 
terms  of  generalized  coordinates  as  follows: 

u  = 
and 

w  =  ^Wn(0)qn(t)  . 

where  Un  and  Wn  are  the  mode  shapes  of  the  tangential  and 
the  radial  component  of  the  displacement  and  qn(t)  arc  tho 
generalized  coordinates. 

The  equation  of  motion  on  the  generalized  coordinates 
becomes: 


It  is  evident  from  Equation  (20)  that  the  resonant  fre¬ 
quency  of  a  submerged  shell  is  affected  by  the  virtual  mass, 
Man,  and  the  modal  mass,  Mn  =  JiSn.  In  other  words,  it  is 
determined  by  the  mass  loading  factor,  Mr.  The  virtual 
mass,  which  is  a  function  of  the  frequency,  adds  to  the  inertia 
of  the  shell.  The  contribution  of  this  mass  to  the  total  mass 
of  the  system  depends  on  the  acoustic  characteristic  im¬ 
pedance  pc .  Tlie  modal  normalized  acoustic  resistance, 
ran/'pc,  and  reactance,  Man/pa,  are  computed  from  Equa¬ 
tion  (18)  and  plotted  In  Figures  3  and  4,  vs  the  nondimen- 
slonal  frequency  ka ,  respectively,  The  modal  reactance 
increases  with  frequency  and  then  decreases  rapidly  toward 
zoro  as  the  frequency  increases.  It  means  that  the  virtual 
mass  is  low  at  high  frequencies.  The  nonnallzcd  modal 
acoustic  resistance  Increases  from  zero  to  peak  value  before 
it  reaches  its  asymptotic  value  of  unity  for  high  frequencies. 


where  K  represents  the  dumping  factor,  run  ami  Man  are 
the  resistive  and  reactive  components  of  the  modal  acoustic 
impedance  ^an 
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p  Is  the  surface  muss  density  and  Sj(  is  u  dupe  factor  which 
appears  in  the  modal  mass  Mn: 
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F! 3  ■  Normalized  acoustic  resistance  curses.  ttc<Za)/pe 
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Fig.  4  -  Normalized  acoustic  reactance  curves,  lm(Za)/pa 


The  natural  frequencies  of  a  submerged  shell  wn  are 
obtained  from  Equation  (20)  by  use  of  an  iteration  tech¬ 
nique.  since  the  natural  frequencies  in  vacuo,  wn,  are  already 
known.  These  are  plotted  in  Figures  5  and  6  for  the  upper 
and  lower  branches.  It  is  evident  that  the  submerged  shell 
natural  frequencies  of  the  lower  branch  are  lower  titan  tltese 
for  a  shell  in  vacuo  (or  in  air).  Por  the  light  fluid  (air)  load¬ 
ing.  the  mass  loading  factor,  Mr,  is  negligible  and  hence  the 
resonances  in  air  are  very  close  to  those  in  vacuo.  For  the 
heavy  tluid  (water)  loading,  the  mass  loading  factor,  Mr. 
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Fig.  5  Dimensionless  frequency  U  for  various  modes 
when  spherical  shells  are  excited  in  water 
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MODE  HUMED 

Fig.  6  -  Dimensionless  frequency  It  for  various  inodes. 
Comparison  of  spherical  shells  in  water  with  that  in  air 


increases  up  to  four  times  the  mass  of  the  shell  for  tlte  mode 
shapes  of  the  primarily  radial  modes  of  tile  lower  branch 
(iywn)  <  l  (strong  fluid  coupling)  except  that  (Un/W„) 

=  1  (ft  |  °  0)  for  the  first  mode,  Thus,  the  natural  frequen¬ 
cies  in  water  are  reduced  significantly  for  the  lower  branch 
at  low  mode  numbers.  However,  when  Mr  decreases  to  less 
than  unity  for  high  mode  orders  of  the  lower  branch  (higher 
frequencies),  the  natural  frequencies  in  water  are  slightly 
decreased  from  those  in  air.  For  the  mode  shapes  of  the 
upper  branch,  which  are  primarily  tangential  (U„/Wn)  <  I 
(weak  tluid  coupling),  the  virtual  mass  of  the  accelerated 
tluid  is  negligible. 


THE  RESONANCE  DENSITY  OF  SPHERICAL  SHELLS 
AND  THE  MEAN  LINE  OF  THE  DRIVING  POINT 
ADMITTANCE 


in  order  to  obtain  an  approximation  of  the  shell's 
characteristic  admittance,  a  study  of  the  spherical  shell's 
resonance  density  is  necessary.  The  resonance  density  1 1 1 1 
is  defined  as: 
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where  w  is  the  resonant  angular  frequency  and  Cp  *  K 
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By  differentiating  Equation  (13)  with  respect  to  mode  number 
n,  the  resonance  density  is  expressed  as: 
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where 


a,,  =  (2n+l)(l+r>j3  +  20V 
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and 


c„  =  I  +  3v-/3(l -»>) +X„  (1  +i//3)  +  /3X^ 


At  low  frenuencies  or  in  the  membrane  range  Si  <  1  ,  the 
parameters  in  Equation  (22)  can  be  approximated  as 
follows: 


a„  »  (2n+  1)  , 


bn  *  (2n+  1) 


and 


cn  *  (1  +3v  +  Vn)  . 


(23) 


Then,  Equation  (23)  with  n  and  substituted  for 
Equation  ( 14a)  can  be  expressed  approximately  as: 
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wliluh  is  Independent  of  the  shell  thickness,  because  it  is  lor 
the  membrane  range.  In  the  membrane  range,  the  resonance 
density  Increases  as  fl  Increases  (see  Equation  (24)).  The 
resonance  density  reaches  a  maximum  (sec  Equations  (22) 
and  <23)1  when  n  Is  given  by: 


«2  « 


ml 


l-v2 


+  1 


(25) 


Titus,  the  maximum  resonance  density  is  given  by: 
dn 


—  w  0.433#  . 


It  Is  quite  clear  that,  In  general,  the  maximum  point  is  not  at 
n  *  1  except  for  a  membrane  shell,  when  i3  ■  0 .  Due  to 
introduction  of  the  term  3X{; ,  the  maximum  occurs  at 
fl  >  I.  Actually,  the  resonance  density  Is  an  inverse  slope 
of  the  frequency  curves  shown  in  Figure  6. 


Thick  shells'  natural  frequencies  differ  from  the  mem¬ 
brane  mode  at  a  higher  frequency  than  thin  shells.  The  take¬ 
off  point  from  the  membrane  curve  in  Figure  6  Is  the 
maximum  point  of  the  resonance  density.  Therefore,  U  Is 


expected  that  the  maximum  poi.  t  of  the  resonance  density 
is  closer  to  unity  as  the  thickness  of  the  shell  decreases  and 
that  the  peak  becomes  higher  (see  Figures  7  and  8).  For 
frequencies  above  a  =  1  ,  the  resonance  density  decreases 
slowly  with  frequency. 
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Fig.  7  -  Resonance  density  of  a  spherical  shell,  li  -  O.OS14”, 
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Fig.  8  Resonance  density  of  a  sphcrlcAi  shall,  h  “  0.1060", 
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At  high  frequencies,  St  >  1  when  the  resonances 
approach  the  plate  range,  it  is  convenient  to  use  the  asymp¬ 
totic  form.  By  differentiating  Equation  (14b),  the  resonance 
density  for  a  spherical  shell  becomes: 


for  H  >  1  , 


and,  in  the  plate  range,  becomes: 


dn 

dfl 


J_ 

2 


1 

\  e  )  aYi 


for  SI  ►  1 


with  a  maximum  value  given  by: 


TO  -  0.433/(3* 


(26a) 


(26b) 


(26c) 


Figures  7  and  8  show  the  resonance  density  of  the  two 
spherical  shells  in  vacuo.  Curves  (1),  (7),  (3),  and  (4)  repre¬ 
sent,  respectively,  the  resonance  density  for  the  exact 
(Equation  (22)] ,  the  low  frequency  approximation  [Equa¬ 
tion  (24)] ,  the  density  for  midrange  frequencies’  approxima¬ 
tion  [Equation  (26a)] ,  and  the  high  frequency  plate  range 
(Equation  (26b)] ,  The  maximum  point  in  the  resonance 
density  spectrum  separates  the  resonances  into  membrane 
range  and  plate  range.  Resonances  between  those  two 
ranges  are  in  the  so-called  "coupling  range."  The  segment  of 
Curve  ( I )  for  12  >  1 .5  matches  with  that  of  Curve  (4)  for  the 
plate  range,  and  Cum  (3)  matches  Curve  ( 1 )  down  to  12  •»  1 . 
Curve  (2)  matches  with  Cum  ( I )  up  to  12  ■  1 .0 .  In  the 
membrane  range,  both  shells  have  the  same  resonance  density 
[see  Equation  (24)] .  The  higher  resonance  density  of  the 
thin  shell  Implies  that  It  has  a  higher  response  when  one  con¬ 
siders  the  driving  point  admittance  (DPA)  because  the  mean 
value  of  the  DPA  [11]  is: 


Reference  11).  Thus. 


2(n  +  1) 


8a2  ^11^3(1 -e2) 

where  AO  =  («n+j  -  wn)  /  «r 

.  4  Eh2 

and  a"  - - tt 

\2pM-v2) 


-  ,  0<  1,  (30) 
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(27) 


where  M„  is  the  modal  muss  of  the  spherical  shell  [  Equa¬ 
tion  ( 19)| .  Figure  9  shows  the  mean  value  of  the  DPA  of  the 
shells.  For  O  >  1. 


and 

Yc  <*  ItSa-^li)'1  for  O  >  I  .  (29) 

When  0<l  ,  lit)  In  Equation  (271  is  replaced  by  Aw  be¬ 
cause  the  shell  does  not  have  many  modes  in  the  membrane 
range,  and  also,  a  3  dll  1-  added  to  liquation  (2$)  due  to  the 
imaginary  part  of  the  mean  value  of  the  DPA  (see 


Fig.  9  -  Mean  value  of  the  driving  point  admittance  of 
spherical  shells  In  vacuo 


THE  POINT  EXCITED  VIBRATION  OF  A  SHELL 

The  response  of  a  point  excited  shell  in  an  acoustic 
medium  is  analyzed  in  this  section.  The  fluid  pressure  Prn  In 
Equation  ( 1 2)  is  no  longer  assumed  to  be  zero.  Since  the 
radiated  acoustic  pressure  Prn  is  an  outgoing  wave,  it  can  be 
expressed  In  terms  of  the  spherical  Hankel  (Unction  of  first 
L'nd  and  order  n„  Therefore, 


where  Zan  =  ipc  [hn  (ka)/h}j  (ka)]  is  defined  as  the  acoustic 
radiation  impedance. 

The  radial  velocity  is  expressed  in  terms  of  the  applied 
force  and  the  total  impedance  of  the  shell  by 

Wn  =  Pin/zn  (32> 

where  Zn  is  the  modal  impedance  of  a  submerged  shell. 

The  driving  point  admittance  and  the  response  pressure 
field  are  examined  first.  Consider  a  unit  concentrated  force 
which  can  be  described  by: 

oo 

Pj  ■  (l/4rra2)^  <2n+l)Pn(fj) 
n=0 


OO 

"I  PlnP„(n)  .  (33) 

n=0 

From  Equation  (32),  the  modal  velocity  of  the  shell  in  an 
acoustic  medium  is  given  by: 


a  2n  + 
4ira2Z, 


(34) 


where  Zmn  =  rmn  +  iMmn  and  Zan  =  r^  -  icoMan  ,  for 
mode  number  n  =  0, 1 , 2, _ 


NUMERICAL  RESULTS 

Calculations  are  made  for  two  different  duralumin 
spherical  shells  when  submerged  in  air  and  water.  The  physi¬ 
cal  properties  of  the  shell  material,  fluid,  and  the  dimensions 
of  the  shells  are  listed  in  Table  1. 


TABLE  1 

PHYSICAL  PROPERTIES  OF  A  DURALUMIN 
SPHERICAL  SHELL  AND  ACOUSTIC  MEDIA 


Thickness  (h) 

Radius  (a) 

Young’s  Modulus  (E) 

Poisson’s  Ratio  (i>) 

Mass  Density  of  the  Shell  (ps) 
Mass  Density  of  Air  (p) 

Mass  Density  of  Water  (p) 

Velocity  of  Sound  in  Air  (c) 

Velocity  of  Sound  in  Water  (c) 

(ka)air 

(ka>water 

(pc)water 

(pc)air 


0.0514”,  0.1069’’ 

8" 

1.037  X  107psi 
0.335 

2.649  X  10-4  |b.  sec.2/in.4 
1.15  X  10-7tb.sec.2/in.4 
9.645  X  10-5  |b,  sec./in.4 
1.356  X  104  in./sec. 

6  X  104  in./sec. 

14.59  X  n 
330  X  to-2  X  a 
5.79  lb.  sec./in.3 
1.56  X  10-3  ib,  sec./in.3 


The  radial  velocity  of  the  submerged  shell  is  given: 


00 

w  i2n+\)Pnm4*»\)  ■  (35) 

n»0 


The  driving  point  admittance  (DPA)  is  defined  os  the  ratio 
of  the  radial  velocity  of  the  shell  to  the  applied  force  at  that 
particular  point.  The  DPA  Is  obtained  directly  by  setting 
n  ■  J  [  Pn  ( l )  “  l )  In  liquations  (33)  and  (35)  and  taking  the 
ratio, 


(36) 


Finally,  substituting  Equation  (34)  for  Wn  into  Equation  (31), 
the  pressure  field  of  a  submerged  shell  is: 


At  resonance,  the  Imaginary  part  of  the  total  impedanec 
2n  Is  equal  to  aero.  Then,  Zn  reduces  to  the  sum  of  the  In¬ 
ternal  damping  of  the  shell  and  the  acoustic  resistance 
ran,  where  ran  ■  Real  |lpehn{ka)/hj,(ka)|  ,  The  modal  Im¬ 
pedance  of  a  submerged  shell  It  expressed  conveniently  as: 

Z,,  (w)  “  2an  +  Zmil 

“  I'mn  +  ran(“M  +  ltMjnn(w)  -  toM^w)!  , 


The  frequency  spectra  of  the  driving  point  admittance 
(DPA)  for  point  excited  spherical  shells  were  calculated 
with  structural  damping  factor  6  X  10-4  (except  6  X  I  O'-’ 
in  Figures  1 1  and  12)  for  duralumin.  For  vibration  In  air, 
the  normalized  acoustic  resistance  at  the  resonance  frequency 
of  eaeli  mode  was  found  to  be  dominant.  On  the  other  hand, 
when  the  shell  is  vibrating  in  water,  the  structural  damping 
was  found  to  be  dominant  because  the  normalized  modal 
acoustic  resistance  was  negligible  at  the  resonance  frequency 
of  each  mode. 

The  amplitude  of  the  normalized  DPA  for  the  two 
duralumin  shells  tested  were  computed  and  plotted  in 
Figures  10  to  14.  The  DPA  was  normalized  to  that  for  a 
point  driven  infinite  plate  having  the  same  thickness,  as 
given  In  Eq.  (29).  The  low  frequency  behavior  Is  dominated 
by  the  mass  of  the  shell.  Thus,  for  the  non-nonnallzed  DPA, 
the  thin  sited  should  be  approximately  6  dB  higher.  However, 
when  one  normalizes  with  DPA  of  a  plate  with  the  same 
thickness,  the  normalization  Is  proportional  to  h*2 ,  so 
that  the  normalization  causes  a  12  dB  Increase  In  the  DPA 
ol  a  thick  sited,  so  the  net  change  of  the  normalized  admit¬ 
tance  is  6  dB  Increase  for  the  thick  shell.  The  minimum 
response  for  freqocnelcs  less  than  the  first  resonance  cor¬ 
responds  to  the  first  anti-resonance  between  the  rigid  body 
frequency  tn  j  *  0)  and  the  first  resonance  (It*).  Thus, 
for  frequencies  below  the  first  anti-resonance,  the  motion 
at  the  center  of  gravity  of  the  freely  suspended  shell  is 
governed  by  a  term  Y„  *  l/Z0  “  1/lwM.  where  M  Is  the 
total  mass  of  the  sited,  Therefore,  the  slope  of  the  response 
is  6  dB  (wr  octave,  For  classical  sheds,  the  resonances  are 
wed-spacctl.  and  the  resonant  response  shows  distinct  peaks 
in  Figures  10, 1 1 ,  and  12,  which  Is  not  evident  for  the 
membrane  theory. 
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DRIVING  POINT  ADMITTANCE  CDS 3 
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Fig.  10  Di’A  of  a  classical  shell  with  thickness 
h  ■  0.0514"  in  air 
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Fig.  1 2  -  DPA  of  a  classical  shell  with  thickness 
0.0169"  in  air,  10  <  ka«S  100 
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DIMENSIONLESS  FREQUENCY  (tAl 

Fig.  !4  -  DI’A  of  a  classical  slid!  with  thickness 
h  3  0.1069"  in  water 

For  vibration  in  water,  the  shell  exhibits  u  similar  be¬ 
havior  in  the  low  frequency  range,  except  that  the  DI’A  is 
much  bwer  In  water  than  in  air.  Tills  is  explained  by  the 
fact  that  the  virtual  mass  of  the  displaced  acoustic  medium  ut 
low  frequencies  is  negligible  in  air  when  compared  to  the  mass 
of  tlie  shell  but  is  much  higher  than  the  mass  of  the  shell  vi¬ 
brating  In  water.  Thus,  since  the  admittance  below  the  first 
resonance  is  1/wM,  M  being  the  total  mass  being  vibrated,  the 
admittance  In  air  Is  much  higher  than  that  in  water.  However, 
the  admittance  of  the  shell  at  resonances  is  lower  in  air  titan 
in  water  because  of  the  previously  explained  bchuvlor  of  the 
modal  admittances  in  air  and  in  water. 

The  minimum  point  in  Figures  10  through  14  wilt  shift 
due  to  the  position  of  the  first  resonance.  The  position  of  the 
first  resonance  of  the  shell  in  air  Is  the  same  for  all  shell  thick¬ 
nesses.  so  that  tlie  anti-resonunee  docs  not  shift.  However, 
tlie  first  resonance  of  (lie  shells  submerged  in  water  is  almost 
one-tenth  of  that  In  air,  so  that  the  location  of  (lie  anti- 
resonance  shifts  down  accordingly. 

In  vacuo  or  air,  the  mean  value  of  the  DI’A  for  a  shell 
will  approach  asymptotically  the  value  of  the  impedance  of 


an  infinite  plate.  The  result  is  shown  in  Figure  1 2  when  the 
line  MN  in  the  resonant  spectrum  is  the  predicted  moan  value 
computed  by  Equation  (27).  The  resonant  mean  value  is  in 
excellent  agreement  with  the  line  MN  ,  but  the  predicted 
mean  value  in  the  first  few  modes  of  the  membrane  range 
fails  to  agree.  This  is  because  there  are  so  few  resonances  m 
the  membrane  range. 

Tlie  mean  value  method  can  also  be  used  to  predict 
the  mean  value  of  the  DPA  of  a  shell  in  water.  However,  it 
has  to  overcome  tlie  difficulty  due  to  the  introduction  of 
the  virtual  mass  in  the  equation  of  motion.  At  very  high 
frequencies,  the  mean  value  of  the  DPA  of  a  submerged 
shell  again  approaches  the  unloaded  infinite  plate  value. 

GENERAL  EXPERIMENTAL  APPROACH 

The  resonance  frequency  measurements  were  performed 
for  both  14-gauge  (actual  thickness  h  =  0.0$  14  inch)  and 
8-gaugc  (actual  thickness  h  3  0. 1069  inch)  thick  spherical 
shells.  The  directivity  pattern  measurements  were  taken  on 
the  8-gauge  shell.  Each  of  these  shells  is  16  Inches  in  diameter 
and  is  constructed  of  duralumin  material.  The  spherical  shells 
were  fabricated  from  two  hemispherical  shells  welded  at  the 
equator  and  the  welds  ground  smooth, 

The  experimental  measurements  were  carried  out  in  the 
anecholc  chamber  at  the  Water  Tunnel  Building  and  the  an- 
echoic  water  tank  at  the  Applied  Science  Building  of  the 
Pennsylvania  State  University.  Tlie  aneehoic  chamber  was 
built  initially  in  support  of  this  experimental  program  to  in¬ 
vestigate  the  fluid  loading  effects  on  elastic  structures.  It 
has  internal  dimensions  of  1 1  X  12  X  18  feet,  The  sound 
absorbing  wal's  are  composed  primarily  of  reek-wool  fiber¬ 
glass  insulation,  air  voids,  and  wood  frame  members.  It  Is 
considered  as  a  semi-aneeholc  for  frequencies  less  thin  I  kHz 
ami  moderately  aneehoic  for  higher  frequencies.  Tlie  water- 
filled  aneehoic  tank,  which  is  12  feet  long,  4  feet  wide,  and 
1 1  feet  deep,  is  lined  with  Insulkrete  wedges.  Between  20 
and  30  kHz.  the  tank  Is  better  than  90  percent  absorbent. 

The  absorption  falls  off  rapidly  below  20  kHz.  The  spherical 
ihclls  were  located  near  the  center  of  the  tank  or  the  chamber. 
The  source  and  receiver  were  placed  on  a  horizontal  plane 
through  the  center  of  the  shell  perpendicular  to  the  walls  of 
the  tank  or  the  chamber, 

The  resonances  of  spherical  shells  were  measured  by 
plotting  the  frequency  response  and  the  modal  pattern.  A 
continuous  sinusoidal  wave  was  applied  to  the  shaker  to 
excite  tite  shell  In  both  water  and  air.  A  schematic  diagram 
oi  the  lest  set-up  is  shown  in  Figure  1$. 


Fig,  1 5  -  Operational  set-op  of  the  driving  point  inertanee  measurement 


EXPERIMENTAL  RESULTS 

The  driving  point  admittance  in  air  of  the  thin  and 
thick  shells  are  shown  in  Figures  16a  -  1 7b,  respectively. 

Both  shells  exhibit  an  antiresonanee  in  the  low  frequency 
range  as  was  predicted  earlier  and  shown  in  Figures  10  and 
II,  In  the  higher  frequency  range,  the  measured  resonances 
are  the  peaks  of  the  admittance.  These  resonance  frequencies 
were  Identified  by  the  measurements  of  the  mode  shape  by 
use  of  an  accelerometer  and  shown  in  Figures  18  and  19,  for 
the  two  shells.  The  difference  between  the  predicted  and 
the  measured  resonance  frequencies  is  small  for  most  of  the 
measured  mode  orders.  The  good  agreement  occurred  In 
spite  of  tlte  nommlfonnlty  of  the  shell's  thickness  and  the 
existence  of  the  weld  between  the.  two  humlspHieres  making 
up  each  spherical  shell. 


Fig  I  ha  Measured  driving  point  idmitlanee  of  «r  duralumin 
spherical  shell  with  thickness  h  *  0.US14"  m  ait 


Fig.  17a  -  Measured  driving  point  admittance  or  a  duralumin 
Spherical  shell  With  thickness  It  *  0.1069“  law 
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Fig.  !?b  ■  Measured  driving  point  admittance  of  a  duralumin 
spherical  shell  with  thickness  h  “  0. 1069"  in  air 
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Fig.  18  =  Resoornt  frequencies  of  a  diirahuum  spherical 
shell  with  ihialisKM  h  *  (10514**  in  air 
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Fig.  1 9 .  Resonant  frequencies  of  a  drualumin  spherical 
shell  with  thickness  It  ■ .  1069"  in  air 


The  measured  resonance  frequences  for  submerged 
shell*  in  water  were  obtained  6em  the  peaks  In  the  driving 
paint  tnerlanee  shewn  In  Figures  20  and  2t  for  the  thin 
and  thick  shells,  respectively.  The  measured  resonances,  as 
identified  fey  the  measured  mode  shape,  are  shown  in 
Figures  2?  and  23,  respectively,  for  thin  and  thick  shed*. 
The  agreement  between  the  measured  ami  predicted 
resonances  again  is  very  good. 


It  should  fee  noted  that  the  good  agreement  between 
the  predicted  and  measured  resonance  frequencies  was 
attained  only  after  a  thorough  measurement  of  the  thickness 
of  the  shell  was  made.  The  manufacturer  has  supplied &■ 
with  nominal  thicknesses  of  S-gauge  and  14-grogs  for  the 
two  shells.  However,  it  has  been  found  that  the  §*$auge 
and  th«  W-gaUge  shells  actually  have  thicknesses  of 
0,1069  inch  attd  6.0354  inch.  rerpeetWcly,  This  drop  in 
thickness  of  two  gaugns  lui  been  confirmed  fey  ultrasonic 
measurement.  ■ 
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Fig.  20  -  Measured  driving  point  inertance  ot'  a  duralumin 
spherical  shell  with  thickness  h  =  0.05 14”  in  water 
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Fig.  21  -  Measured  driving  point  Inertance  of  a  duralumin 
spherical  shell  with  thickness  h  =  0.1 069”  in  water 
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Fig.  22  -  Resonant  frequencies  of  a  duralumin  spherical 
shell  with  thickness  h  =  0.05 14”  in  water 
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Fig.  23  -  Resonant  frequencies  pf  a  duralumin  spherical 
siieli  with  thickness  It  ■  0.1069"  in  water 


CONCLUSION 
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The  analytical  and  experimental  study  of  the  vibration 
response  of  point  excited  shells  in  air  and  in  water  indicates 
that  the  bending  theory  of  deformation  of  shells  is  adequate 
for  the  frequency  range  of  interest,  ka  «S  30.  Furthermore, 
the  influence  of  shear  deformation  and  rotatory  inertia  was 
found  to  be  negligible  for  frequencies  up  to  ka  =  30. 

The  method  for  computing  the  natural  frequencies  of  a 
submerged  shell  by  use  of  generalized  coordinates  and  the 
iteration  method  proved  to  be  accurate,  when  one  compares 
the  predicted  vs  measured  resonances.  The  resonances  of  a 
submerged  shell  were  shown  to  be  influenced  heavily  by  the 
virtual  mass  of  the  displaced  fluid  in  most  of  the  frequency 
range  under  investigation,  even  though  in  the  high  frequency 
range,  this  influence  disappears.  The  mode  shapes  at  reso¬ 
nance  for  vibration  in  air  and  in  water  were  found  to 
identical,  as  predicted. 
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Damping  of  the  motion  of  buried  structures  is  derived  based  on  the  mechanics  of 
dynamic  soil-structure  interaction.  The  interplay  between  the  structural  motion 
and  the  soil  loading  on  the  structure  results  directly  in  the  damping  of  the  struc¬ 
tural  motion.  The  derivation  is  illustrated  by  an  example  of  a  horizontal  slab 
embedded  in  an  elastic  soil  medium. 


INTRODUCTION 

It  is  the  current  practice  to  obtain  hard¬ 
ness  levels  of  shallow-buried  structures  from 
analyses  using  an  undamped  SDOF  elastic-plastic 
model.  Results  of  recent  and  past  tests  on  bur¬ 
led  structures  have  shown  that  these  analyses 
underpredict  the  lethal  overpressure;  a  number 
of  fully-burled  structures  have  retained  their 
protective  capability  at  airblast  overpressures 
higher  than  their  predicted  collapse  load  (1,2). 
This  is  illustrated  in  Fig.  1  which  is  taken 
from  [1].  The  undamped  SDOF  calculation  results 
shown  in  the  figure  use  currently  accepted  pro¬ 
cedures  for  modifying  the  period  to  account  for 
soil  cover;  calculation  for  the  roof  load  in¬ 
cludes  attenuation  of  the  overpressure  with 
depth,  but  no  damping  and  soil-structure  inter¬ 
action  effects. 

In  an  attempt  to  explain  the  apparent  over- 
conservatism  in  current  methods,  Rigor  and  tel- 
sara  (2)  retained  the  SDOF  approach  but  suggested 
that  a  high  damping  ratio  should  bs  used  to  ac¬ 
count  for  energy  less.  (The  load-dsflectlon 
relationship  obtained  from  static  tests  of  tits 
same  soil-structure  configuration  was  also  used 
to  account  for  "arching."'  They  indicated  that 
a  ?0  percent  damped  SDOF  model  could  accurately 
predict  the  permanent  deflection  of  the  roof  ele¬ 
ment. 

The  need  for  higher  damping  was  also  sug¬ 
gested  by  Windham  U],  and  by  Wojelk  end  Isen- 
berg  (4).  The  latter  attributed  the  damping  to 
the  radiation  of  energy  away  from  the  structure. 
Elastic  finite  element  analyses  were  conducted 
and  damping  was  assessed  by  the  log  decrement  of 
peak  displacement  in  successive  cycles. 

An  analytical  derivation  of  damping  for 
this  class  of  burled  structures  la  given  in  this 
paper.  The  derivation  is  based  on  the  mechanism 


of  dynamic  soil-structure  interaction.  As 
stress  waves  in  the  soil  strike  a  soil-struc¬ 
ture  interface,  they  give  rise  to  scattered  and 
transmitted  waves.  The  transmitted  waves  impart 
particle  velocities  to  the  structure;  motion  of 
the  structure  Imparts  rarefaction  waves  to  the 
soil,  end  loading  exerted  by  the  soil  on  the 
structure  is  lessened  or  relieved.  This  pheno¬ 
menon,  referred  to  as  dynamic  soil-structure 
interaction,  is  seen  to  lead  to  the  high  damp¬ 
ing  in  structural  motion. 

Tha  acope  of  the  work  ia  limited  to  elas¬ 
tic  soil-structure  configurations  In  order  to 
clarify  the  origin  of  the  damping  due  to  soil- 
structure  interaction.  The  actual  interaction 
process  is,  of  course,  much  mors  complex  end 
involves  inelastic  properties  of  the  soil  and 
nonlinear  interface  conditions.  Analytical 
solutions  are  difficult  to  obtein  end  numerical 
methods  must  be  used.  However,  tha  baalc  mech¬ 
anisms  of  reflection  of  the  coil  stress  waves 
at  the  soil-structure  Interface,  the  relief  of 
tha  interface  load  due  to  motion  of  the  struc¬ 
ture  sway  from  the  soil,  and  the  resultant 
damping  in  the  structural  motion  remain  the 
asms  ss  those  illustrated  herein. 


DYNAMIC  SOIL- STRUCTURE  INTERACTION 

The  coupling  between  loading  and  structur¬ 
al  response  can  bs  Illustrated  by  referring  to 
Fig.  2  which  is  a  characteristic  diagram  of  one- 
dimensional  elastic  wave  interaction  between  a 
bm  layer  of  eoll  and  a  concrete  slab  l.Smthlck. 
When  the  incident  compressive  wave  firet  rea¬ 
ches  (he  soil-concrete  interface  (point  A),  it 
is  reflected  as  well  as  transmitted,  in  this 
example,  about  SOS  of  it  is  reflected  and  ISOS 
transmitted  according  to  tha  following  equa¬ 
tions  t 
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Figure  1.  Recent  test  results  of  model  protective  structures  [1). 
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Figure  2.  CLerecurletlc  dlegrea,  one-diaenelonel  « lee  tic  wave  luteractiou. 
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where  0^,  oR  are  the  incident,  transmitted 

and  reflected  sUess  components,  respectively; 
is  the  acoustic  impedance  of  concrete  and 

Pgcs  that  of  soil;  p is  the  mass  density  of  the 

material  and  c  its  dilatational  wavespeed  (5). 
Hence  for  a  100  MPa  incident  wave,  the  trans¬ 
mitted  wave  is  180  MPa.  The  transmitted  wave 
is  reflected  at  the  free  edge  (point  A')  as  a 
tensile  wave,  denoted  by  a  dotted  line,  of  mag¬ 
nitude  -360  MPa.  Upon  encountering  the  inter¬ 
face,  the  -360  MPa  wave  in  turn  is  reflected 
as  a  compressive  wave  of  magnitude  300  MPa  and 
transmitted  as  a  tensile  wave  of  magnitude  -61 
MPa.  The  reverberation  process  within  the 
concrete  continues  as  the  wave  goes  from  B  to 
B' ,  from  C  to  C',  etc. 

This  multiple  wave  reflection/refraction 
phenomenon  is  well-known.  When  the  applied 
incident  wave  has  a  constant  magnitude  of  100 
MPa,  i.e.  a  step  load,  the  .stress  at  the  soil- 
concrete  interface  is  100  +  80  •  180  MPa  at 


point  A,  100  +  80  -  60  =  120  MPa  at  point  B, 

100  +  80  -  60  -  50  =  70  MPa  at  point  C  and  so 
on.  Hence,  in  two  transit  times  across  the 
thickness  of  the  concrete  slab,  the  initial 
peak  of  180  MPa  has  dropped  to  120  MPa,  in  four 
transit  times  to  70  MPa  and  so  on. 

When  the  applied  load  is  not  a  step  but 
decays  with  time  and  has  a  finite  duration,  the 
decay  of  the  interface  stress  depends  on  the 
load  duration.  Some  results  for  a  triangular 
pulse  are  given  in  Fig.  3.  Two  observations 
regarding  the  interface  stress  can  be  made.  The 
initial  amplification  of  the  interface  stress 
depends  on  the  impedance  ratio  across  the  inter¬ 
face.  Secondly,  this  amplification  is  short¬ 
lived.  In  2  to  4  transit  times  across  the 
concrete,  the  layer  will  have  attained  the  velo¬ 
city  that  it  should  due  to  the  action  of  the 
interface  stress  and  begin  to  move  away  from 
the  soil.  This  motion  generates  rarefaction  or 
relief  waves  into  the  soil,  thus  relieving  the 
loading  on  the  concrete  layer. 

This  observation  is  elementary  but  crucial 
to  the  understanding  of  soil-structure  inter¬ 
action:  SSI  is  intimately  connected  to  motion 
of  the  structure  relative  to  soil.  When  struc¬ 
tural  motion  is  in  the  direction  of  (in  phase 
with)  the  soil  or  free-field  motion,  it  relieves 
the  interface  load.  Similarly,  when  structural 


figure  3.  Interaction  at  rose- time  ti  tutor  y  as  a  function  of  incident-pulse  duration. 
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motion  is  against  (out-of-phase  with)  the  soil 
motion,  the  interface  load  is  enhanced. 
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For  one-dimensional  situations,  this  ob¬ 
servation  can  be  summarized  quite  simply  as  fol¬ 
lows.  From  wave  propagation  results  such  as 
those  given  in  Fig.  2,  the  relief  (or  enhance¬ 
ment)  in  interface  stress,  a,  due  to  motion  of 
the  concrete  layer,  v,  is  given  by 

a  «  -pcv  (3) 

when  v  is  positive  in  the  direction  of  free- 
field  wave  propagation,  and  pc  is_the  impedance 
of  soil  noted  earlier.  Positive  o  means  it  is 
compressive,  i.e.  when  motion  is  out-of-£hase 
with  the  free-field  motion  and  negative  a  means 
it  is  tensile,  i.e.  when  motion  is  in-phase  with 
the  free  field.  It  will  be  shown  that  this 
simple  representation  of  soil-structure  inter¬ 
action  leads  to  the  damping  in  a  class  of  bur¬ 
ied  structures  where  the  SSI  is  basically 
planar . 


SSI  AMD  STRUCTURAL  DAMPING 

The  response  Z  of  a  structure  buried  in 
a  medium  subjected  to  a  Known  free-field  excita¬ 
tion  can  be  represented  by 

MZ  +  KZ  -  Oj  (A) 

where  M  is  the  mass  matrix,  K  the  stiffness 
matrix,  both  of  dimension  N  by  N,  N  being  the 
number  of  degrees  of  freedom,  o^,  a  vector  of 

dimension  N,  represents  the  interaction  pressure 
(unit  tributary  area  is  implied)  and  con  be  writ¬ 
ten  as 

°l“  V°R  <5) 

where  0R  is  the  refleeted  (or  radiated)  pres¬ 
sure  at  the  interface,  and  0R  the  free-field 
excitation. 

Assuming  that  the  reflected  pressure  at 
oarly  time  can  ba  approximated  by  the  planewave 
relationship  Eq.  (3),  the  reflected  pressure 
can  ba  expressed  as 

°R  *  V.UR  <6> 

where  is  the  mass  density  of  the  soil,  c#  la 

its  P-vave  velocity  and  U„  the  reflected  parti¬ 
cle  velocity.  * 

The  reflected  particle  velocity  can  also  be 
written  as 

•  0*  ♦  2  (?) 

where  Up  is  the  free-field  particle  velocity  and 

Z  is  the  velocity  of  the  structure  at  the  inter¬ 
face.  Combining  Eqs.  (6)  and  (?)  gives 


Eq.  (4)  may  now  be  expressed  as 
MZ  +  pscgZ  +  RZ  -  2cjf  . 

Eq.  (10)  expresses  the  response  Z  in  terms 
of  Op,  the  free-field  excitation.  Since  is 

independent  of  the  response  of  the  structure  Z, 
the  problem  of  soil-structure  interaction  as 
given  by  Eq.  (10)  is  uncoupled;  the  free-field 
excitation  can  be  analyzed  first  and  separately 
from  the  structural  motion  analysis  which  fol¬ 
lows.  The  effect  of  SSI  lq  represented  by  a 
viscous  damping  term,  p  c  Z,  which  depends  on 

the  properties  of  the  medium.  It  is  this  damp¬ 
ing  which  (a)  incorporates  the  SSI  effect  on 
the  loading  perceived  by  the  structure  and  (b) 
effectively  decouples  the  analysis  of  the  struc¬ 
ture  from  its  surrounding  medium. 


(9) 

(10) 


The  relationship  expressed  in  Eqs.  (6)  and 
(9)  is  based  on  one-dimensional  wave  propagation 
considerations.  For  two-dimonsional  problems 
with  simple  geometries  such  as  rectangular  plane 
box  structures,  the  relationship  is  an  approxi¬ 
mation.  The  assumption  that  the  reflection 
process  is  (at  least)  initially  plane  has  been 
extensively  tested  by  finite  element  models  for 
various  span-depth  ratios  of  the  structure. 

The  error  involved  in  such  applications  is  il¬ 
lustrated  in  Fig.  4  where  the  SSI  loadings  on  a 
slab  with  a  span  of  6m  obtained  from  two-dimen¬ 
sional  finite  element  analysis  and  using  the 
approximation  Eq.  (10)  are  compared. 

Fig.  3  compares  the  corresponding  structure 
motion  time  histories.  The  highly  damped  nature 
of  the  velocity  response  is  apparent.  Further¬ 
more,  by  comparing  Figs.  4  and  5,  the  relief  and 
enhancement  of  the  SSI  load  corresponding  to  the 
phasing  of  the  structure  and  soil  motions  are 
clearly  illustrated. 


MODAL  DAMPING 

In  modal  analysis  the  generalised  damping 
Cg  In  the  k*"  mode  is  given  by 

(11) 

where  is  tint  Rib  mode  shape  vector  and  the 

superscript  T  indicates  its  transpose.  Similar¬ 
ly,  the  generalised  mass  is  given  by 

and  the  kth  damping  ratio  is 

*k  **  2^5*  UW 
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Figure  S.  Cowparlson  ok'  PE  calculation  results  and  slapltflsd  SSI  solution,  uoainal  span  »  6a, 
aid-span  velocity. 


where  u)^  is  the  kth  modal  frequency. 

Specializing  to  Eq.  (10),  the  modal  damp¬ 
ing  due  to  SSI  is 


class  of  problems  to  delineate  the  relationship 
between  dynamic  SSI  and  damping  of  the  struc¬ 
tural  motion.  Damping  is  shown  to  be  a  direct 
result  of  the  interaction  mechanism. 
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since  both  the  damping  coefficient  C  »  p  c  and 

mm 

the  mass  of  the  roof  structure  with  constant 

thickness  d  and  density  p  ,  are  constant, 
c  c 


Eq.  (14)  states  that  the  modal  damping  due 
to  SSI  effect  is  inversely  proportional  to  the 
modal  frequency  and  unit  mass  of  the  structure, 
but  is  directly  proportional  to  the  acoustic 
impedance  of  the  medium.  Alternately,  multiply¬ 
ing  and  dividing  the  righthand  side  of  Eq.  (14) 
by  cc,  the  wavespeed  of  the  roof  material, 

gives 


Recalling  ■  2ir/Tk,  where 
the  k£h  mode,  Eq.  (15)  becomes 


(15) 


Is  the  period  of 
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where  T  ■  d  /c .  is  the  transit  time  of  the 
c  c  c 

roof.  Hence,  the  modal  damping  due  to  SSI  ef¬ 
fect  is  proportional  to  the  soil-strueture 
Impedance  ratio  and  the  ratio  of  modal  period 
to  transit  time  in  the  structure. 


coxeiusioss 

Dynamic  ooii-atrueture  Interact  ion  for 
buried  structures  is  a  temple*  pltenemenen.  We 
have  considered  a  simplified  subset  of  this 


Damping  comes  also  from  other  sources: 
dissipation  in  the  soil  due  to  hysteresis,  en¬ 
ergy  loss  due  to  interface  friction  and  damping 
internal  to  the  structure.  By  considering  elas¬ 
tic  soil/structure  configurations,  we  have 
eliminated  these  sources  in  the  present  study 
in  order  to  concentrate  on  perhaps  the  largest 
contributor  to  damping  in  protective  structures, 
and  to  illustrate  its  origin. 


REFERENCES 

[1]  Kiger,  S.  A.  and  J.  P.  Balsara,  "Results 
of  Recent  Hardened  Structures  Research," 
the  100th  Symposium  on  Weapons  Effects  on 
Protective  Structures,  Mannheim,  Germany, 
November  14-16,  1978. 

[2]  Kiger,  S.  A.,  "Vulnerability  of  Shallow- 
Buried  Structures,"  Defense  Nuclear  Agency, 
Strategic  Structures  Division  Biennial  Re¬ 
view  Conference,  SRI  International,  Menlo 
Park,  CA,  Mareh  20-22,  1979. 

(3}  Windham,  J.  E.  and  J.  0.  Curtis,  "Effect  of 
Backfill  Properties  and  Airblast  Variations 
on  the  External  heads  Delivered  to  Buried 
Box  Structures,"  Technical  Report,  U.S. 

Army  Engineer  Waterways  Experiment  Station, 
April  1977. 

(4)  Wejeik,  G.  L.  and  J.  Isenherg,  "Effects  of 
Radiation  Damping  on  Vibration  of  a  Shal¬ 
low-Burled  Rectangular  Structure,"  DNA 
4600P,  Weidllnger  Associates  tot  Defense 
Nuclear  Agency,  April  >978. 

(51  Kelsky,  It.,  Stress  Waves  in  Solids.  Dover 
Publication,-!^. 


